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Computation for the lace expansion for

per colation
Analysis of Section 3.5-3.6

Robert Fitzner
University of Technology Eindhoven

Abstract

In this file we performs the numerical part of the analysis of the non-backtracking lace expansion for
percolation. All referencesin this version of the notebook will beto the PhD thesis of the author.
This file is accomanied by another notebook -SRW_Computations- where an number of simple
random walks are computed. The user should first open that file, choose a dimension and execute all
lines of the file. Then he is expects to choose constance T in this file. After choosing these
quantities the used should select the menu item Evaluate-> Evaluate Notebook. In atable at the end
of this document the result of the computations are shown. Thereit can be see whether the bootstrap
with the given parameters and therefore the analysis was succesful. The computation of the
-SRW_Computations- file are independent of the values T, so that the need to compute the SRW-
integral once when we start the program and whenever we change the dimension.

We compute bound on the two-point function and repulsive diagrams (Section 5.1.2). We use these
bounds to compute the Diagramatic bounds derived in Section 4.3. and compute the bounds used for
the Analysisin Section 3.5.

11.5.2013
I nput
Wetry to perform the bootstrap for the following values of I';. So that the values of fy, o, f 30 @d f 4y assmall then:
Gammal = 1. 044379;
Gamma2 = 1. 03712;

GanmaFour [1, 4] = 0.00837843;

GammaThree [0, 0] = 0. 14058;
GanmmaThree[l, 0] = 0. 1979255;
GamaThree[l, 1] = 0. 047;
GamaThree[1l, 2] = 0. 02301;
GammaThree[1, 3] = 0. 00837828;

The bootstraps succeeds in dimension 15 with the constants (* deactivated *)

In[163]:=

(*Gammal=1. 044379;
Gamma2=1. 03712,
GanmaFour [1, 4]1=0. 00837843;

GanmaThr ee [0, 0]=0. 14058;
GammaThree[1, 0]=0. 1979255;
GamraThree[l, 1]1=0. 047;
GanmaThr ee[1, 2]=0. 02301;
GammaThr ee[1, 3]1=0. 00837828; )
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Bound on the two-point function and on repulsive diagrams

Definition of Constants

We define the constants for two setting s: we use s=i for bound on z = z, and s=o for bound on ze (7, Z) :

1
4= z[I ] = ——;
2d -1)
Gammal
z[o0] = d—; (* Upper bound on z and thereby also on z; )
(2d-1)

(*bound on the two-point functions)
Var Gammall[i ] = 1;

Var Gammal[o] = Gammal,
) (2d-2) 2d-2
VarGamma2[i ] = —; (*G; (X)<B; (X) s ——=C(X) %)
2d-1 2d-1

2
Var Gamma2 [0] = Gama?2 * p : (*G (k)< varGamma2 C(k), follows from f2x)
2

Further, we define variables to save the number of short NBWSs, as given explain in Section 5.1.2 we can use the number if SAW only for
SAW and LT:

np7ol= ¢c2i k = 2; (*Co (€1+€2) *)
cdik =4 (2d-3) +2 (2d-4); (*Cg(€1+€2) %)
c6ik =16+84 (2d-4) +36 (2d-4) (2d-6) +6dc3i; (xCs(€1+€2) %)

c3i (2d-2); (xCz(e1)*)

c5i (3(2d-2)+4(2d-2) (2d-4) ) +4dc3i; («Cs(e1)*)

c7i = (14 (2d-2)+62 (2d-2) (2d-4) +27 (2d-2) (2d-4) (2d-6) ) +8dc3i +4dcbi;
(xC7(e1) *)

Bounds on two-point function
We compute bounds as explained in Section 5.1.2. We begin by computing G, ;(e1) asin (5.1.22)-(5.1.24)

In[176]:= Do[
Bound [G7i, s] =c7i (z[s])"+ (2dz[s])"9+VarGama2[s] =|110; (» Gy ,(e1)+*)
Bound [GBi, s] =c5i (z[s])®+Bound[G7i, s]; (» G, ,(e1)+)
Bound [G3i, s] =c3i (z[s])®+Bound[G5i, s]; (» G ,(e1)+)
Bound [Gli, s] =z[s] +Bound[G3i, S]; (* Gy, ;(e1)%*)
rho[Lower, s] =1-Bound[Gli, s];
rho[s] =1-z[i]-¢3i z[i13(1-2z[i])-¢c5i z[i1° (1-z[i 1)?;
. {s, {i, o}}]

Then we compute G} ,(e1 + &) and G} ,(2 &), see (5.1.25)-(5.1.26) :

IN[177]:= DO[

Bound [GBi k, s]

d
ﬂ (2dz[o])”8VarGamm2[s] | 110; (*Gg(ei1+€2)*)

Bound [G6i k, s] =c6ikz[s]"6+VarGamma2[s] | 18; (*Gs(e1+€2)*)
Bound[G4i k, s] = Bound[GBi k, s]+ (c4ik-2 (2d-3) ) z[s]1% (+G (e1+e2)*)
Bound[Ri k, s]1 = Bound[G4i k, s]+ (c2ik -1) z[s]1%; (+G} (e1+€2) *)

. {s, {i, 0}}]

We compute the supremum of the two-point function as givenin (5.1.27)-(5.1.31):
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In[178]:= DO[
Bound [G8, s] = Max [c6ik z[s]°, c7i z[s]’] + (2d z[s]) "8 Var Ganme2([s] | 18;
(+ Bound for sup, Gs(x)=Max[G;(e), Gs(e1+€2), sup, Gg(X)]1%*)
Bound [G4, s] = Max [c4ik z[s]*, c5i z[s]°] +Bound[G6, s]; (+ Bound for sup,Gi(x)=*)
Bound [@, s] = Max [c2i k z[s]?, c3i z[s]®] +Bound[G4, s]; (» Bound for sup,G (x)=*)
Bound [Gl, s] = Max[Bound[Gli, s], Bound[@2, s]]; (* Bound for sup,G(X)*)
Bound[G4i i, s] = (2d+2) z[s]*+Bound[GB, s]; (» Bound for sup,G (2 e1)=*)
. {s, {i, 0}}]

Closed repulsive diagrams
We define the bounds on the closed repulsive diagrams as desribed in Section 5.1.2 in (5.1.34)-(5.1.36). The bound does only depent on the

total number of steps and the number of tw-point functions involved. It does not depent on the indivitual length of the pieces my, my, ... and
of the orientation of the arrows.

In[179]:= DO[
Bound [Cl osedRepLoop, 4, s] =2dz[s] Bound[G3i, S];
Bound [Cl osedRepBubbl e, 4, s] =
z[s1* (2dc3i)+3z[s]® (2dc5i) +5z[s]® (2dc7i) + (2dz[s])!° Var Gamma2([s] 1110 +
(2dz[s])'° var Gamma2[s]2 | 210;
Bound [Cl osedRepBubbl e, 3, s] =
Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s1;
Bound [Cl osedRepTri angl e, 4, s] =

4+1-4) (4+2-4 6+1-4) (6+2-4
@ )2( * )2[3]4(2d03i)+( * )2( * )z[s]6(2dc5i)+
(8+1-4) (8+2-4) (10 - 6) (9 - 6)

. z[s]1® (2dc7i) + — (2dz[s])'° Var Gamma2[s] | 110 +

6 (2dz[s]1)° Var Gamma2[s]1% 1210+ (2d z[s])*° Var Gamma2[s]3 | 310;
Bound [Cl osedRepSquare, 4, s] =
z[s1*(2dc3i) +102z[s]® (2dc5i) +352z[s]1® (2dc7i) +
(10-4) (9-4)
84 (2dz[s])* VarGamma2[s] | 110 +f (2dz[s]1)*° Var Gamma2[s]% 1210 +
6 (2dz[s]1)° Var Ganma2[s]13 1310+ (2d z[s])*° Var Gamma2[s]* | 410;
Bound [Cl osedRepSquare, 3, s] =
Bound [C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 4, s];
Bound [Cl osedRepSquare, 2, s] =
Bound [C osedRepLoop, 4, s] +2Bound[C osedRepBubbl e, 3, s] +
Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 3, s];
. {s, (i, 0}}]

Open repulsive diagrams
Then, we define the bound on the open repulsive diagrams as in (5.3.38):
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In[180]:= DO[
Bound [OpenRepBubbl e, 1, s] =
Max [2c2ik z[s]?+4caikz[s]*+6C6ikz[s]®,
z[s]+3c3i z[s]1®+5¢c5i z[s]°+7¢c7i z[s]"] +7 (2d z[s])® Var Ganma2[s] | 18 +
(2dz[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 2, s] =
Max [c2i k z[s]%+3cdikz[s]*+5c6ikz[s]® 2c3i z[s]®+4c5i z[s]°+6cC7i z[s]"] +
6 (2dz[s])®VarGamm2([s] 118 + (2d z[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 3, s] =
Max [2 c4ik z[s]*+4c6ik z[s]® c3i z[s]®+3cbi z[s]°+5¢c7i z[s]'] +
5(2dz[s])®VarGamm2([s] 118+ (2d z[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 4, s] =
Max [c4ik z[s]%+3c6ikz[s]® 2c5i z[s]°+4c7i z[s]'] +4 (2dz[s])® VarGamma2[s] | 18 +
(2dz[s])® Var Gamma2[s]? | 28;
Bound [OpenRepTri angle, 1, s] =
Max[3c2i kz[s]?+10c4ikz[s]* +21c6ik z[s]®,
z[s]+6¢3i z[s]®+15¢5i z[s]®°+28c7i z[s]'] +
(8-1) (7-1) . . ,
——  (2d z[s])® VarGamma2[s] 1 18 + 7 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 2, s] =
Max [c2i k z[s]?+6c4ikz[s]*+15c6ikz[s]® 3¢3i z[s]®+10c5i z[s]°+21c7i z[s]] +
(8-2) (7-2) 8 8 )
—— (2d z[s])® VarGamma2[s] 1 18 + 6 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 3, s] =
Max [3 c4i k z[s]* +10c6i k z[s]°, c3i z[s]®+6¢C5i z[s]°+15c7i z[s]'] +
(8-3) (7-3) 8 8 )
——  (2d z[s])® VarGamma2[s] 1 18 +5 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 4, s] =
Max [c4ik z[s]* +6c6ikz[s]® 3cbi z[s]®°+10c7i z[s]'] +
(8-4) (7-4) . . ,
——  (2d z[s])® VarGamma2[s] 1 18 +5 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepSquare, 2, s] =
Max [c2i k z[s]%+ 10 c4ik z[s]* +35c6ik z[s]® 3c3i z[s]®+20c5i z[s]°+56¢7i z[s]'] +
(8-2) (7-2)
84 (2dz[s])® Var Gamma2[s] |18+f (2dz[s])® Var Gamma2[s]% 128 +
6 (2dz[s])®VarGamm2[s]13138+ (2dz[s])® VarGarma2[s]* | 48;
. {s, {i, 0}}]

Weighted Diagrams
First we define the bound on the weighted diagams in the same format as we used the in the implementation for the analysis of Section 3.5.

For z = z we use the bound (3.6.20) :

n[1s1:= Bound [Wei ght edOpenLine, 0, i ] = BoundFThreeBarlnitial [0, O, rho[i1];
Bound [Wei ght edd osedBubbl e, 4, i] =
(2dz [i 1)*BoundFFourBarlInitial [1, 4, rho[i ]7;
Do
Bound [Wei ght edQpenBubbl e, t, i] = (2dz [i ])! BoundFThreeBarlnitial [1, t, rho[i1];
. {t, 0, 3}]
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Thenweuse f3, and f,,, that gives us direct bound for the weighted diagrams for ze (z, z):

in[1s41= Bound [Wei ght edOpenLi ne, 0, o] = GammaThree[0, 01;
Bound [Wei ght edd osedBubbl e, 4, 0] = (2d z [i ])* GarmaFour [1, 4];

Do
Bound [Wei ght edQpenBubbl e, t, 0] = (2dz [i ])! GammaThree[1, t];
. {t, 0, 3}]

Then weusetheideaexplainedin (5.1.42)-(5.1.49) toobtain
in[1871= Do [

Bound [Wei ght edd osedBubbl e, 3, s] =
Bound [Wei ght edd osedBubbl e, 4, s] +

d d
2dz[s]1® | Bound[G3i, s]+3 (2d—2)d—— (2dz[o])"3VarGamma2[s] | 16 +

5(2d-2) Bound [G4, s]+ 9 (z[s]°+3 (2d-2) z[s]° + Bound [G5, s])|;
)

Bound [Wei ght edd osedBubbl e, 2, s] =
Bound [Wéi ght edd osedBubbl e, 3, s] +8dz[s]?Bound[&4ii, S] +
8dz[s]?(2d-2) (z[s]?+Bound[G4i k, s]);
Bound [Wei ght edd osedBubbl e, 0, s] =
Bound [Wei ght edCl osedBubbl e, 2, s]+2dz[s] Bound[G3i, S];

. {s, {i, 0}}]

Definition of diagramswithout weight
Here we define the quantities of Section 4.5.2. The element of the bounds (4.5.30)-(4.5.38). We defined the element in the thesis using

bubble, triangles, square and even pentragram. The bound on these diagrams depend only on the number of two-point funtions/pieces
without fix lengh and the number of fixed steps.

We define the bound on P©@Pdefinein Table 4.18 as follows:

in[18g)= Do [
Bound [P, 0, s] =1+ Bound[C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s];
Bound [P, 1, s] = 2 Bound [Cl osedRepLoop, 4, s] + Bound[C osedRepBubbl e, 4, s];
Bound [P, 2, s] = Bound[Cl osedRepLoop, 4, s] +
Bound [Cl osedRepBubbl e, 4, s] +Bound[d osedRepTri angl e, 4, sI;

o s, {i, 0}}];

The bound on A2Pdefinein Table 4.19 we declare the variables:
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In[189]:= DO[

Bound[A, 0, 0, s] = Bound[C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s];
Bound[A, 0, 1, s] = Bound[C osedRepLoop, 4, s] +Bound[Cl osedRepBubbl e, 4, s];
Bound[A, 0, 2, s] = Bound[d osedRepTri angl e, 4, s];

Bound[A, 1, 0, s] =

—— (Bound [C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s]);
2dz[s]

Bound[A, 1, 1, s] =

1
—— (Bound [C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s]);
2dz[s]
Bound [Cl osedRepTri angl e, 4, s]
Bound[A, 1, 2, s] = ;
2dz[s]

Bound[A, 2, 0, s] = Bound[OpenRepBubbl e, 1, s1;
Bound[A, 2, 1, s] = Bound[OpenRepBubbl e, 2, s7;
Bound[A, 2, 2, s] = Bound[OQpenRepTriangle, 3, s1;
. {s, {i, o}}];

We defined Al2P using diagrams what do not need to be repulsive. Follow Table 4.20 we define

inf190}= Do [

Bound [Ai
Bound [Ai
Bound [Ai

Bound [Ai

Bound [Ai

Bound [Ai
Bound [Ai
Bound [Ai

Bound [Ai
o s, {i,

0, 0, s] = Bound[d osedRepBubbl e, 3, s1;
0, 1, s] = (2dz[s])*VarGammu2[s] |14 + (2d z[s])* Var Gamma2[s]? | 24;
0, 2, s] =(2dz[s])*VarGamma2[s]3|34;
Lo s (2dz[s])*VarGamma2([s] |14+ (2d z[s])* Var Gamma2[s]? | 24
, U, 8] =
2dzJs]
11 (2dz[s])*VarGanma2[s] 114+ (2dz[s])* Var Gamma2[s]? | 24
, L, 8] =
] 2dzJs]
1, 2, s]=(2dz[s])3VarGanmma2[s]®|34;
2,0, 8] =(2dz[s])%VarGamma2[s]?|22;
2,1, s]=(2dz[s])%VarGamma2[s]? | 22;
2,2, s]=(2dz[s])%VarGanme2[s]3 V132134 ;
o}}];

Then we define A~ asin (4.5.16)-(4.5.20):

In[191]:= DO[

Do

Bound [Abar, a, 0, s]

Bound[Ai, a, 0, s];
Bound[Ai, a, 1, s]

Bound [Abar, a, 1, s] ;

2dz[i]

L& {0, 1, 21}];

Bound [Abar, 0, 2, s] = (2dz[s])? VarGanma2[s]?|22;
Bound[Abar, 1, 2, s] = (2dz[s]) VarGama2[s]? | 22;
Bound [Abar, 2, 2, s] = Var Gamma2[s]? | 20;

L {s, (i, ony];

Then we define B%12P asin Table 4.21 and the comment after (4.5.20)

’
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In[192]:= DO[
Do[
Bound [B2i, a, 0, s] =0;
Bound [B2i, a, 1, s] =0;
» {a, {0, 1, 2}11;

Bound [Cl osedRepTri angl e, 4, s]
Bound[B2i, 0, 2, s] = Bound[Cl osedRepBubbl e, 3, s] p +
2dz[s]

Bound [C osedRepTri angl e, 4, s] Bound[OpenRepTri angle, 3, sJ;

Bound [Cl osedRepBubbl e, 3, s] Bound[Cl osedRepTri angl e, 4, s]
Bound[B2i, 1, 2, s] = +

2dz[s] 2dz[s]
Bound [OpenRepTri angl e, 3, s] .

Bound [C osedRepTri angl e, 4, s]
2dz[s]

Bound [Cl osedRepBubbl e, 3, s]
B 2dz[s]

Bound [OpenRepBubbl e, 2, s] Bound [QpenRepTri angl e, 4, s];
L {s, (i, OB

Bound [B2i, 2, 2, s] Bound [OpenRepTri angle, 3, s] +

Further, we define B"* asin Tables 4.22-4.23 and the comment after (4.5.20)

in[193)= Do [

Do[

Bound [Bbar2i, 0, a, s] =0;

» {a, {0, 1, 2}}1;

Bound [Bbar2i, 1, 0, s] = Bound[G3i, s] Bound[Cl osedRepBubbl e, 4, s] +
Bound[&, s] Bound[C osedRepTriangle, 4, s];

Bound [Cl osedRepTri angl e, 4, s]
Bound[&, s] ;
2dz[s]

Bound [Bbar2i, 1, 2, s] = Bound[G3i, s] Bound[OpenRepBubbl e, 3, s] +
Bound [&, s] Bound[OpenRepTriangle, 4, sJ;

Bound [Bbar 2i, 2, 0, s] = Bound[C osedRepBubbl e, 3, s] Bound [OpenRepBubbl e, 4, s] +
Bound [Cl osedRepBubbl e, 3, s] Bound[Cl osedRepTri angle, 4, s] +
Bound [C osedRepTri angl e, 4, s] Bound[OpenRepTri angle, 3, sJ;

) Bound [Bbar 2i, 2, 0, s]
Bound[Bbar2i, 2, 1, s] = ;
2dz[s]

Bound [Bbar2i, 1, 1, s]

Bound[Bbar2i, 2, 2, s] =
Bound [Gl, o] Bound [OpenRepBubbl e, 2, s] Bound[Cl osedRepBubbl e, 3, s] +

Bound [Cl osedRepBubbl e, 3, s]
Bound [OpenRepTri angl e, 3, s] +

2dzJs]
Bound [Gl, o] Bound [OpenRepBubbl e, 1, s] Bound[Cl osedRepTri angl e, 4, s1;

L {s, (i, ony];

We define the bound on PN)iPdefinein Table 4.24 as follows:
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in[194]= Do [

Bound[Piota, 0, s] =2dBound[G3i, s] Bound[P, 0, s1;
Bound[Piota, 1, s] =2dBound[G3i, s] Bound[P, 1, s]+2d (z[s] +Bound[G3i, s]);
Bound[Piota, 2, s] =2dBound[G3i, s] Bound[P, 2, s] +Bound[G3i, s] +
Bound [Cl osedRepBubbl e, 3, s]
+

z[s]
Bound [C osedRepBubbl e, 3, s]

2d [z[s] +Bound [&3i, s] +
2dz[s]

Bound [Cl osedRepBubbl e, 3, s7J;
L {s, 4, ony];

Definition of diagramswith weight
Now we first implement the bound in the diagrams H1P, H21:2b gnd H3i2b defined in (4.5.23)-(4.5.25):
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In[195]:= DO[
Bound[H1, 0, O, s]

Bound [Wei ght edd osedBubbl e, 0, sJ;

Bound [Wei ght edCl osedBubbl e, 0, s]
Bound[H1, 1, O, s] = .

2dzJs]
Bound [Wei ght edCl osedBubbl e, 0, s]

Bound[H1, O, 1, s] = ;

2dzJ[s]
Bound [Wei ght edd osedBubbl e, 2, s] .

Bound[H1, 1, 1, s] =
(2dz[s])?

Bound [Wei ght edOpenBubbl e, 0, s1;

Bound [Wei ght edOpenBubbl e, 0, s1;

Bound[H1, 2, 0, s]
Bound[H1, 0, 2, s]

Bound [Wei ght edOpenBubbl e, 1, s
Bound[H1, 2, 1, s] = [ 9 % ]'

2dz[s]
Bound [Wei ght edOpenBubbl e, 1, s] .

Bound[H1, 1, 2, s] = ;

2dz[s]
Bound [Wei ght edOpenBubbl e, 0, s];

Bound [H1, 2, 2, s]

Do [Do[
Bound[H2, a, b, s] =Bound[Hl, a, b, s];
» {a, {0, 1, 2331, {b, {0, 1, 2}}];
(» for H3 we know that the unweighted path has at |east |ength onex)
Bound[H3, 0, 0, s] = Bound[Wi ght edd osedBubbl e, 0, s1;
Bound [Wei ght edCl osedBubbl e, 2, s] .

Bound[H3, 1, 0, s]

2dz[s]

Bound [Wei ght edCl osedBubbl e, 2, s]
Bound[H3, 0, 1, s] ;

2dz[s]

Bound [Wei ght edCl osedBubbl e, 3, s]
Bound[H3, 1, 1, s] ;

(2dz[s])?
(» to use the information that the unweighted path has at |east |ength
one we use Chauchy schwarz to obtainsx)
Bound[H3, 2, 0, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;
Bound [H3, 0, 2, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;

Bound [Wei ght edOpenBubbl e, 2, s]

Bound[H3, 1, 2, s]
2dz[o]

Bound [Wei ght edOpenBubbl e, 2, s
Bound[H3, 2, 1, s] [ g % !

2dz[o] ’

Bound [H3, 2, 2, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;

Clear[a, b, t1;
L {s, {0, o1}

As explained in Section 4.5.6 we bound C120 and C22b in terms of other diagram. At this point we only implement the bound on C31:2b,
see (4.5.90)-(4.5.94). For a=2,b=2 we implement the bound as describes in (4.5.97). For other a,b we improve this bound using three
informations: 1.) By symmetrie we can we bound the contribution C32P in the same way as C322, 2) if aor b are 1 then we can use

symmetrie to create an extra If)(k) . 3.) the complete square consists of at least four steps to improve the bounds. Using these three points to
obtain the bounds:



10 | Percolation_NoBLE_analysis2_impl.nb

in[196]= Do [

Bound [C3, 2, 2, s] = Bound[Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3
| 32 Bound [OpenRepSquare, 2, s1;
Bound[C3, 1, 2, s] = Bound [Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3

2 Bound [C osedRepSquare, 3, s] _
2dz[s] 7

Bound [C3, 2, 1, s] =Bound[C3, 1, 2, s];
Bound[C3, 1, 1, s] = Bound[Wi ght edOpenLi ne, 0, s] Bound[OpenRepTri angl e, 3, s]
Bound [Cl osedRepSquare, 3, s]

2dz[s]
Bound[C3, 0, 1, s] = Bound[Wei ght edOpenLi ne, 0, s] Bound[OpenRepTri angle, 2, s]
Bound [Cl osedRepSquare, 3, s]

’

2dz[s]
Bound[C3, 1, 0, s] =Bound[C3, O, 1, s];
Bound [C3, 0, 0, s] = Bound[Wi ght edOpenLi ne, 0, s] Bound[OpenRepTri angl e, 2, s]
Bound [Cl osedRepSquare, 2, s];
Bound[C3, 0, 2, s] = Bound [Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3
| 32 Bound [0 osedRepSquare, 2, s];
Bound [C3, 2, 0, s] =Bound[C3, 0, 2, s];

L {s, {0, o]

Definition of diagrams specific for initial step iota

As next we bound the term defined in (4.5.28) and bound in (4.5.100)-(4.5.102). We improve the bound stated of the first diagram of Figure
4.29, by noting that y=0 is not possible, so that the unweighted lines has always at least 2 steps.

IN[197]:= DO[
Bound [hi, partl, O, s] = Bound[Wi ght edCl osedBubbl e, 2, s7;

Bound [Wei ght edd osedBubbl e, 2, s]
Bound[hi, partl, 1, s] ;
2dz[s]

Bound [Wei ght edOpenBubbl e, 1, s1;

Bound [hi, partl, 2, s]
Do
Bound[hi, part2, b, s] =2d Bound[G3i, s] Bound[H2, O, b, s] +
4d Bound[&3i, s]
(Sum[Bound [P, a, s] Bound[H2, a, b, s], {a, O, 2}] - Bound[H2, O, b, s]) +
4 d Bound[G3i, s] Sum[ Bound[Hl, O, a, s] Bound[Ai, a, b, s1, {a, 0, 2}1;

Bound [Cl osedRepLoop, 4, s]
Bound [hi, part3, b, s] = Bound[H2, 1, b, s]+
2dz[s]

Bound [Cl osedRepBubbl e, 3, s]
2dz[s]
) Bound [Cl osedRepLoop, 4, s] Bound[Cl osedRepBubbl e, 3, s]
+
( 2dz[s] 2dz[s]
(Bound[Ai, 0, 0, s] Max[Bound[H2, 1, b, s], Bound[H2, 2, b, s]] +
Bound[H1, 0, 0, s] Max[Bound[Ai, 1, b, s], Bound[Ai, 2, b, s]]);

Bound[H2, 2, b, s] +

Bound[hi, b, s] = Sum[Bound[hi, t, b, s], {t, {partl, part2, part3}}]
. b, 0, 23];

L s, (i, 0}}]

Then we define the bound for hi''? defined in (4.5.29) and bounded in (4.5.99).
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inf198)= Do [
Dol
Bound[hl I, b, s] =
Bound[hi, b, s] +
2 Sum[Bound[hi, a, s] Bound[Ai, a, b, s]+
Sum[Bound [Pi ota, a, s] Bound[Ai, a, ¢, s] Bound[H2, ¢, b, s], {c, 0, 2}],
{a, 0, 2}]
» {b, 0, 2}];
, {s, {i, 0}}]

Definition of vectors and matrices

Then we define the matricies we use the compute/state the bounds. First we define the matricies for which we have already computed the
entries.

inf1e91:= Do [
Vector [P, s] = Tabl e[Bound [P, a, s], {a, {0, 1, 2}}1;
Vect or [PNT, s] = Vector [P, s] - {1, 0, 0};
Vector [Piota, s] = Tabl e[Bound[Piota, a, s], {a, {0, 1, 2}}1;

Vector [h, s] = Tabl e[Bound[H1, 0, b, s], {b, {0, 1, 2}}1;
Vector [hi, s] = Tabl e[Bound[hi, b, s], {b, {0, 1, 2}}1;
Vector [hl|, s] = Tabl e[Bound[hll, b, s], {b, {0, 1, 2}}1;

Matri X[A, s] = Tabl e[Bound[A, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri X [Ai, s] = Tabl e[Bound[Ai, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x [Abar, s] = Tabl e[Bound[Abar, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matrix[B2i, s] = Tabl e[Bound[B2i, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x [Bbar 2i, s] = Tabl e[Bound[Bbar2i, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}1;

Matri x[C3, s] = Tabl e[Bound[C3, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
Matrix[Hl, s] = Tabl e[Bound[Hl, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
Matri x[H2, s] = Tabl e[Bound[H2, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x[H3, s] = Tabl e[Bound[H3, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
, {s, {i, 0}}]

Then we define the bound for B and B, see (4.5.21)-(4.5.22)

inizoo:= Do [
Matrix[B, s] = Matrix[A, s].Matrix[A, s]+Mtrix[A, s] «Bound[P, 0, s] +
Matri x[B2i, s1;
Matri x[Bbar, s] = Matri x[Ai, s].Matrix[A, s]+Matrix[A, s]+Mtrix[Bbar2i, s];
, {s, {i, 0}}]
Cl ear [a, b]

Further, we define the bound on C! and C? as stated in (4.5.90) and (4.5.92)

in2021:= Do [
Matri x[Cl, s] =
(2Matrix[H2, s].Matrix[A, s]+2Matrix[Ai, s].Matrix[HL, s]+Matrix[H2, s]).
Matri x[A, s]+Matrix[H2, s]. Matrix[Bbar2i, s];
Matri x[C2, s] =
(2Matrix[H3, s].Matrix[A, s]+2Mtrix[A, s].Matrix[HL, s]+Matrix[H3, s]).
Matri x[Al, s]+2Matrix[C3, s] + Matrix[H3, s]. Matrix[Bbar2i, s];
, {s, {i, 0}}]
Cl ear [a, b]

We compute the eigensystem of the maticies B and B to sum the bounds as explained in Section 5.3.
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in2041:= Do [
Ei gensystenB[s] = Ei gensystem[Transpose[Matrix[B, s111;
Ei gensyst enBbar [s] = Ei gensystem[Matri x [Bbar, s]];
I nver seProduct B[s] = I nverse[Transpose[Ei gensystenB[s][[2]]]]. Vector [P, s];
I nver seProduct BFor Pl otaf[s] =
I nverse[Transpose [Ei gensystenB[s]1[[2]]]]. Vector [Piota, s];
I nver seProduct Bbar [s] = I nverse[Transpose [Ei gensyst enBbar [s][[2]]1]]. Vector [P, s1;

Do [
Ei genVectorB[j, s] = Ei gensystenB[s][[2, j]1] *InverseProductB[s][[]j11;
Ei genVectorBbar [j, s] = Ei gensystenBbar [s][[2, j 1] = | nverseProductBbar [s][[j1];
Ei genVectorBForPlotal[j, s] =
Ei gensystenB[s][[2, j1] = | nverseProductBForPlota[s][[j11;

Ei genVal ueBJ[j, s] = Ei gensystenB[s][[1, j11;
Ei genVal ueBbar [j, s] = Ei gensystenBbar [S][[1, j11;
Ei genVal ueBForPlota[j, s] = Ei gensystenB[s][[1, j11;

i 13
, {s, {i, 0}}]
Cl ear [a, b]

Bound on the coefficients

Bound for k=0

Then we implement the bounds stated in Lemma 4.5.1.-4.5.2 and Proposition 4.5.3. explixitely treat N=2,3 as they will also recieve special
attentention when we compute the bound on Z(0)-Z(k)

In[206]:= DO[
Bound[Xi, normal, 0, s] =Bound[P, 0, s]-1;
(» For the analysis we explicitly extract the contribution of &g x*)
Bound[Xi, iota, O, s] =Bound[G3i, s] Bound[P, 0, s];
Bound[Xi, normal, 1, s] = Vector [P, s]. Matrix[Abar, s]. Vector [P, s1;

1
Bound[Xi, iota, 1, s] =—dVector [Piota, s]. Matrix[Abar, s]. Vector [P, s];
2

Bound[Xi, normal, 2, s] =Vector [P, s].Matrix[B, s]. Matri x[Abar, s].Vector [P, s];
Bound[Xi, iota, 2, s] =

1
—dVeCtor [Piota, s]. Matrix[B, s].Matrix[Abar, s].Vector [P, s];
2

Bound[Xi, normal, 3, s] =Vector [P, s].Matrix[B, s].Matrix[B, s].
Matri x [Abar, s].Vector [P, s1;
Bound[Xi, iota, 3, s] =

1
—dVeCtor [Piota, s].Matrix[B, s].Matrix[B, s]. Matri x[Abar, s]. Vector [P, s];
2

L (s, (i, 0}}]

We compue the sum over all odd and even N=> 4
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In[207]:= DO[
Bound[Xi, normal, EvenTail, s] =
Ei genVal ueB[j, s]3
Sum[ Ei genVectorB[j, s]. Matrix[Abar, s]. Vector [P, s],
1 - Ei genVal ueB[j, s]?
4. {1 2, 31

Bound[Xi, normal, QddTail, s] =
Ei genVal ueB[j, s]*

Sum[ Ei genVectorB[j, s]. Matrix[Abar, s]. Vector [P, s],
1 - Ei genVal ueB[j, s]?
4. {1 2, 31
Bound[Xi, iota, EvenTail, s] =
1
2d
Ei genVal ueBFor Pl ota[j, s]3
Sum[

1 - Ei genVal ueBForPlotaf[j, s]?
Ei genVectorBForPlotaf[j, s]. Matri x[Abar, s]. Vector [P, s1, {j, {1, 2, 3}}];
Bound[Xi, iota, OddTail, s] =

1 Ei genVal ueBForPlota[j, s]*
— Sum

2d 1- Eigenval ueBForPlotalj, s]?

Ei genVectorBForPlotaf[j, s]. Matri x[Abar, s]. Vector [P, s1, {j, {1, 2, 3}}];
L s, (i, 0}}]
Then we compute the sum over all odd/even N

inizos:= Do [
Dol
Bound[Xi, a, Even, s] = Sum[Bound[Xi, a, t, s], {t, {0, 2, EvenTail }}1;
Bound[Xi, a, Odd, s] = Sum[Bound[Xi, a, t, s], {t, {1, 3, (ddTail }}7;
Bound[Xi, a, Absolut, s] =Sum[Bound[Xi, a, t, s], {t, {Qdd, Even}}];
(*Print [Bound[Xi,a, Absolut, s]];%*)
, {a, {normal, iota}}]
, {s, {i, 0}}]

Bound for 0 - k

Bounds for £(0)-E(k)
First we compute the terms for N=0,1,2,3 and extract therefore the contributions with trivial first and last triangle
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In[209]:=
Do [
Bound [Xi, nornal, O, Delta, 0, s]
Bound[Xi, normal, 1, Delta, 0, s] =
Bound[H2, 0, O, s] +4 Sum[Bound[H2, O, b, s] Bound[Ai, O, b, s1, {b, 0, 2}] +
6 Vector [h, s]. Matrix[Ai, s].Vector [PNT, s] +
3 Vector [PNT, s]. Matrix[H2, s]. Vector [PNT, sJ;
(xfor this bound we use the spatial symetrie of the diagrans,
when one triangle it trivial to reduce the factor 8 stated in (4.5.47)
to 4 (sinis terns cancel, so we can split the cosin w thout creating
the factor 2)=x)
Bound[Xi, normal, 2, Delta, 0, s] =
4 (Vector [h, s].Matrix[Bbar, s]. Matri x[Ai, s].Vector [PNT, s] +
Vect or [PNT, s]. Matri x[B, s].
(Matri x[H3, s].Vector [PNT, s] +Matrix[Ai, s].Vector [h, s]) +
Vector [PNT, s]. Matri x[Cl, s].Vector [PNT, s]) +
6 (Vector [h, s]. Matrix[Bbar, s]. Matrix[Ai, s].{1, 0, 0} +
Vect or [PNT, s]. Matrix[B, s]. Matrix[H2, s]. {1, O, O} +
Vector [PNT, s]. Matrix[Cl, s]. {1, 0, 0}) +
2 ({1, 0, Oy. Matrix[B, s]. Matrix[H2, s]. {1, O, O} +
{1, 0, O}y. Matrix[Cl, s]. {1, 0, 0});
Bound [Xi, normal, 3, Delta, 0, s] =
5 (Vector [h, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. Matri x[Ai, s]. Vector [PNT, s] +
Vector [PNT, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H2, s].Vector [PNT, s] +Matrix[Ai, s].Vector [h, s]) +
Vect or [PNT, s]. (Matrix[Cl, s].Matrix[Bbar, s]+ Matrix[B, s].Matrix[C2, s]).
Vect or [PNT, s]) +

Bound [Wei ght eddl osedBubbl e, 0, s];

4
({1, 0, O}. Matrix[B, s].Matrix[B, s].
(Matrix[H2, s].Vector [PNT, s] + Matrix[Ai, s].Vector [h, s]) +
{1, 0, O}. (Matrix[Cl, s]. Matrix[Bbar, s]+Matrix[B, s].Matrix[C2, s]).
Vect or [PNT, s]) +
4 (Vector [h, s].Matrix[Bbar, s]. Matri x[Bbar, s]. Matrix[Ai, s]. {1, 0, 0} +
Vector [PNT, s]. Matrix[B, s]. Matrix[B, s]. (Matrix[H2, s]. {1, O, 0}) +
Vector [PNT, s]. (Matrix[Cl, s].Matrix[Bbar, s]+ Matrix[B, s]. Matrix[C2, s]).
{1, 0, 0}) +
3 ({1, 0, O}. Matrix[B, s].Matrix[B, s].Matrix[H2, s]. {1, O, 0} +
{1, 0, 0}. (Matrix[Cl, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[C2, s]).
{1, 0, 0});
, {s, {i, 0}}]

Then we compute the sum over the remaining N

in210)= Do [

Do [

v[j ] = Ei genVectorB[j, s];

vb[j ] = Ei genVect orBbar [j, s1;

e[j ] = Ei genVal ueB[j, sI;

eb[j ] = Ei genVal ueBbar [j, sI;

A {12, 331D
Bound [Xi, normal, EvenTail, Delta, O, s] =

2 4
Vector [h, s]. MatrixI[Ai, s].Sum[vb[j]*eb[j]3 * - ’
(1-ebfj1?)® (1-ebfj1?)
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2 4
4. (1 2, 3] +sumferj 1° ( o ioen 7 sV 1 G, (L2, 3))]
1-efj] -el]

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +

1
ZSum[v[j]—, G, 1, 2, 3}}].l\/htrix[C1, s].
l—e[]

]2

sum[vbyj ] i (L2831

(1-ebfj1?)?
1

2 Sum[v [j1] —
(L-er[j1?)

C {1 2, 3}}].Matrix[C1, s].

Sum[vb[j] , . {1, 2, 3}}] -4 Vector [P, s]. Matrix[Cl, s].Vector [P, s] +

1-eb[j]?

eri

ZSum[v[j]L
1-eJj

= G, (1, 2, 3}}].l\/htrix[02, s1.

1 1
Sum[vb[j]eb[j] S+ — | U, 12 3}}] +
(1-ebfj12)® (1-ebfj1?)

efj]

2 Sum[v [j1] .
(1-ef[j1?)

C 4L, 2, 3}}].I\/Btrix[Cl, s].

Sum[vb[] 1 Eb[J] ’ {Jv {17 2, 3}]’]1

(1-eb[j1?)

Bound [Xi, nornmal, OddTail, Delta, O, s] =

2 5
Vector [h, s].Matrix[Ai, s].Sum[vb[j]*eb[j]4 + - ,
(1-eb[j12)® (1-eb[j1?)
. . 4 2 5 . .
4. (1 2 3}}]+Sum[e[j] ~ —|*vil 4, 12 3}}]-
(L-eri1?)® (1-ed1?)
(Matrix[H3, s].Vector [P, s] +Matrix[Ai, s].Vector [h, s]) +
. 2 .
Sum[v[j]—_z, i, {1, 2, 3}}]-
(1-eri1?)
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).
1
Sum[vb[j]—_, . {1, 2 3}}] +
1-ebfj1?
. l .
Sum[v[j]+2, i, 11, 2, 3}}]-
(1-er0j1?)

(Matri x[C2, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[Cl, s]).
2 1
+ .
(1-eb[j12)? 1-eb[j]?
5Vector [P, s]. (Matrix[C2, s]. Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).
Vector [P, s];

Sum[vb[j] » {11, 2, 3}}] +

L {s, (i, o]

Al Al
Boundsfor Y; E (0)-2 (k)
First we compute the terms for N=0,1,2,3 and therefore extract the contributions with trivial first and last triangle
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In[211]:=
Do
Bound[Xi, iota, O, Delta, ei, s] =
2d (2d-1) z[s] Bound [G3i, s]?+
(2d-1) Bound[G3i, s] Bound[Wi ght edCl osedBubbl e, 2, s1;
Bound[Xi, iota, O, Delta, 0, s] =
Bound[Xi, iota, O, Delta, ei, s]+2dBound[Xi, iota, O, s];
(*» we can use symetrie to cancel the sin terns an obtain this boundx)
Bound[Xi, iota, 1, Delta, ei, s] =
Bound[hi, 0, s] +Vector [hi, s]. Vector [PNT, s] +
Vector [Piota, s]. Matri x[Ai, s]. Vector [h, s];
Bound[Xi, iota, 1, Delta, 0, s] =
Bound[Xi, iota, 1, Delta, ei, s]+2dBound[Xi, iota, 1, s];
Bound[Xi, iota, 2, Delta, ei, s] =
2 (Vector [hll, s]. Matrix[Bbar, s]. {1, 0, O} +
Vector [Piota, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
3 (Vector [hll, s].Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s]));
Bound[Xi, iota, 2, Delta, 0, s] =
3 (Vector [hll, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
4 (Vector [hll, s]. Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
3 Vector [Piota, s]. Matrix[B, s]. Matrix[Abar, s]. {1, 0, 0} +
4 Vector [Piota, s]. Matrix[B, s]. Matri x[Abar, s]. Vector [PNT, s];
Bound[Xi, iota, 3, Delta, ei, s] =
3 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s].Matrix[B, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
3 Vector [Piota, s]. Matrix[B, s]. Matrix[C2, s]. {1, O, O} +
4 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
4 Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [PNT, s];
Bound[Xi, iota, 3, Delta, 0, s] =
4 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s].Matrix[B, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
4 Vector [Piota, s]. Matrix[B, s]. Matrix[C2, s]. {1, O, O} +
4 Vector [Piota, s]. Matri x[B, s]. Matrix[B, s]. Matri x[Abar, s]. {1, 0, 0} +
5 (Vector [hlIl, s]. Matrix[Bbar, s]. Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
5Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [PNT, s] +
5Vector [Piota, s]. Matrix[B, s].Matrix[B, s]. Matri x[Abar, s]. Vector [PNT, sJ;
. {s, {i, 0}}]
In[212]:= Do[
Do [

V[j] = EigenVectorBForPlotal[j, s1;
vb[j ] = Ei genVectorBbar [j, s];
e[j ] = Ei genVval ueBForPlotaf[j, sI;
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eb[j ] = Ei genVal ueBbar [j, s1;
o s (1,2, 33
Bound[Xi, iota, EvenTail, Delta, 0, s] =

+

2 3
Vect or [hl 1, s].Sum[vb[j]*eb[j]3 . — | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)

2 3
+

«VI 1, 4. {1 2 33
(1-erj12)? (1-e[112)] ]

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +
2e[j]

(1-e[j1?)?
(Matrix[C2, s].Matrix[Bbar, s]+Mtrix[B, s]. Matrix[Cl, s]).
Sum[vb[j]

Sum[e[j 13

sum|vj 1 UL (L 2, 31

- . {J! {l! 21 3}}]+
1-eb[j1?
efj1l
(1-e[j1?)°
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).
. 2 l .
Sum[vb[j] S+ — | U, 1.2 3}}];
(1-eb[j1%)° 1-eblj]
Bound[Xi, iota, EvenTail, Delta, ei, s]

Sum[v[j] Al {1, 2, 3}}]-

+

2 4
Vector [hl 1, s].Sum[vb[j]*eb[j]3 . — | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)

- 2 4 - .
Sum[e[j]3 S+ — |+l 4. {12 3}}].
(1-eri1?)® (1-e01?)

(Matrix[H3, s].Vector [P, s]+Mtrix[Ai, s].Vector [h, s]) +

. 2elj] .
Sum[v[j] . > {, {1, 2, 3}}].
(1-ef[j1?)
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[Cl, s]).
Sum[vb[j]—_, . {1 2 3}}] +
1-eb[j]?
ori
Sum[v[j] bl

————. {0, {1, 2 33}
(1-e[j1?)°

(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[CLl, s]).

2 2
Sum[vb[j] + » A {1, 2, 3}}] +
(1-ebfj1?)? 1-eb[j]?
. 3 2 4 . . . .
Sum[e[j] ( 2)2 + (1 [_]2) *V[1, {, {1, 2 3}}].I\/Btr|x[A|, s].
l-eJj] -el

Vector [P, s1;

Bound[Xi, iota, OddTail, Delta, 0, s] =

+

2 4
Vector [hi 1, s].Sum[vb[j]*eb[j]“ - — | 4. (L 2, 3}}]+
(1-eb[j1%)® (1-eb[j]1?)
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. 2 4 . .
Sum[e[j]4 S+ — o[ *vil {1, 2, 3}}]-
(L-eri1?)® (L-e0l?)

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +

. 2efj1 , )
Sum[v[j]—z, {, {1, 2, 3}}].Matr|x[C2, s].
(1-eli1?)
Sum[vb[j]+, G, 1, 2 3}}] +
1-ebyfj]?
) efj] _ .
Sum[v[j]—, {, {1, 2, 3}}].I\/Btr|x[02, s].
1-e[jl1?
Sun{vb[j] - 4 1L 2, 3}}] -
(1-eb[j1?)
4 Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [P, s] +
2e[j1?
%mPU]——————ijv{L ZS}”.WNixWLSL
(L-er[j1?)
. 1 .
Sum[vb[j]—_, G, {1, 2, 3}}] +
1-eb[j1?
2e[j1?
wmhn]—————,u,{L ZS}”.WNixWLSL
1-ef[j1?

2 2
+ .
(1-ebfj1?)? 1-eb[j]?
Bound[Xi, iota, OddTail, Delta, ei, s] =

Sumvb{j ] [ ] 0. (1 2 3n];

2 5
Vector [hl I, s].Sum[vb[j]*eb[j]4 S+ —= | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)
. 4 2 5 . .
Sum[e[j] S+ —-|*vil 4. {1 2 3}}]-
(1-eri1?)® (1-e0l?)
(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +
_ 2elj] . .
Sum[v[j] . > {, {1, 2, 3}}].I\/Btr|x[02, s].
(1-erj1?)
. 1 .
Sum[vb[j]—_, ., {1, 2 3}}] +
1-eb[j]?
. efj1l ) .
Sum[v[j]—, {, {1, 2, 3}}].Matr|x[C2, s].
1-ef[j1?
. 2 .
Sum[vb[j]—z, i, {1, 2 3}}] +
(1-ebpj1?)
_ 2e[j1? . :
Sum[v[j] . > {, {1, 2, 3}}].I\/Btr|x[C1, s].
(1-eri1?)
sum[vb(j ] ————, i, {1, 2, 3}}] +
1-ebfj1?
_ efj1? .
Sum[v[j] > {, {1, 2, 3}}].I\/Btr|x[C1, s].

1-efj]
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2 3

Sum[vb[j] + - Al {1, 2, 3}}] +
(1-ebfj1?)? 1-eb[j]?

2 5
Sum[e[j]3 + . VI G, (1, 2 3}}].Nhtrix[Ai, s].
(1-e[j1%)® (1-elil?)

Vector [P, s];

L {s, (i, o]
For Sum over all N
in2131= Do [

Do [

Bound[Xi, a, Even, Delta, 0, s] =
Sum[Bound[Xi, a, t, Delta, 0, s], {t, {0, 2, EvenTail }}7;
Bound[Xi, a, Odd, Delta, 0, s] =

Sum[Bound [Xi, a, t, Delta, 0, s], {t, {1, 3, OddTail }}71;
Bound[Xi, a, Absolut, Delta, 0, s] =

Sum[Bound[Xi, a, t, Delta, 0, s], {t, {Qdd, Even}}];

, {a, {normal, iota}}l;

Bound[Xi, iota, Even, Delta, ei, s] =
Sum[Bound[Xi, iota, t, Delta, ei, s], {t,
Bound[Xi, iota, Odd, Delta, ei, s] =
Sum[Bound[Xi, iota, t, Delta, ei, s], {t, {1, 3, ddTail }}];
Bound[Xi, iota, Absolut, Delta, ei, s] =

Sum[Bound[Xi, iota, t, Delta, ei, s], {t, {Qdd, Even}}];

. {s, {i, 0}}]

{0, 2, EvenTail }}1;

Computation of constants of Proposition 3.3.1
In this section we perform the computations of Section 3.4. to obtain the constances stated in Proposition 3.3.1:
Z“X [F( | = Kg =Bound[KF]
Bound[KPhi, 1] = K; < ®(0) = K¢ = Bound[KPhi, 2]
Bound[KPhiabs, 1] = Ky < Zx | D(x) | < Kjs) = Bound[KPhiabs, 2] ()
Z‘#O | ®(¥) | = Kjg = Bound[KPhiWithoutZero]

Z“X F[L - costk )] = Kiower| 1~ D(K]
ZX | FOO | [1- coskx)] = Kar[1 - DK)] @)
D | @200 |11 - costk ] = Kaa[1- D]
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Bound on absolute value Kg and Kg

in214]= Do [

al pha[s] =z[s]rho[s];
baral pha[s] = z[S];

2
Bound [KPsi, s] =rho[s] + Bound [Xi, normal, Absol ut, sJ;

Bound [KF, s] =
(2dbaral pha[s]) / (1 -al pha[s] - (2d-2) al pha[s] Bound[Xi, iota, Absolut, s])
Bound [KPsi, s];
Bound [KPhi up, s] =1+ Bound[Xi, normal, Even, s] +
Bound [Xi, iota, Absolut, s] Bound[KF, s1;
Bound [KPhi down, s] =1 -Bound[Xi, nornal, Odd, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi absup, s] =1+ Bound[Xi, normal, Absolut, s] +
Bound [Xi, iota, Absol ut, s] Bound[KF, s1;
Bound [KPhi absdown, s] = 1 -Bound[Xi, normal, Absolut, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi W t hout Zero, s] =
Bound[Xi, normal, Absolut, s] +Bound[Xi, iota, Absol ut, s] Bound[KF, s];

L s, (i, 0}}]

Bounds on differences
As next we implement the computation of Section 3.4.3. First the differences of Fyand &4, lines (3.4.26), (3.4.27), (3.4.29)

In[215]:= DO[
Bound [Di f ferencef F, Partl, Lower, s] =
2dbaral pha[i] 2dbaral pha[s]
Mn[ : , ]
1 -al phali ]2 1 - al pha[s]?
(rho[Lower, s] -Bound[Xi, nornal, Odd, Delta, 0, s] -Bound[Xi, nornmal, Qdd, s] -
al pha[o] Bound [Xi, normal, Even, Delta, 0, s]);
Bound [Di f ferencef F, Partl, Absolut, s] =
Max[Zd bar al phé[l ] | 2d baral pha[s] ]
1 -al phafi ]2 1 - al pha[s]?
(rho[s] + (1 +al pha[s]) Bound[Xi, normal, Absolut, Delta, 0, s] +
Bound [Xi, normal, Absolut, s]);
Bound [KDel t aPhi, Partl, s] =

Bound[Xi, normal, Absolut, Delta, 0, s]+
bar al pha[s]

1 - al pha[s]?
(2d Bound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absolut, s]+
(1 +Bound[Xi, norrmal, Absolut, s]) Bound[Xi, iota, Absolut, Delta, ei, s]+
2dal pha[s] Bound[Xi, normal, Absolut, Delta, 0, s]Bound[Xi, iota, Absolut, s] +
al pha[s] (1 +Bound[Xi, nornmal, Absolut, s])
Bound[Xi, iota, Absolut, Delta, 0, s]);

L {s, (i, o]

Then the differences of F,and ®,: For the bound in (3.4.30), (3.4.32) and (3.4.35)
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In[216]:= DO[
Bound [Di fferencef F, Part2, Lower, s] =
(2 d baral pha[s])?

1 - al pha[s]?
(Bound[Xi, nornal, Odd, Delta, O, s] Bound[Xi, iota, Odd, s] +
Bound[Xi, normal, Even, Delta, 0, s] Bound[Xi, iota, Even, s])

2 d bar al pha[s]? 2d-2
- (rho[s]+
1 - al pha[s]?

(Bound[xi, iota, Even, Delta, ei, s] +2dBound[Xi, iota, Even, s] +
al pha[s]ZBound[Xi, iota, Even, Delta, 0, s] +
al pha[s] (Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Odd, Delta, 0, s] +
2dBound[Xi, iota, Odd, s1)) -
2 d bar al pha[s]? [Zd—z

Bound [Xi, nornal, Even, s]]

. Bound [Xi, normal, Odd, s]]
1-al pha[s]

(Bound[Xi, iota, Odd, Delta, ei, s]+2dBound[Xi, iota, Odd, s] +
al pha[s]2Bound[Xi, iota, Odd, Delta, 0, s]+
al pha[s] (Bound[Xi, iota, Even, Delta, ei, s] +
Bound[Xi, iota, Even, Delta, 0, s]+2dBound[Xi, iota, Even, s]));
Bound [Di f ferencef F, Part2, Absolut, s] =
(2 d baral pha[s])?

Bound [Xi, normal, Absolut, Delta, 0, s]
1 - al pha[s]?

Bound [Xi, iota, Absolut, s]

2 d baral pha[s]? 2d-2
rho[s] +

+ Bound [Xi, normal, Absolut, s]
(1-alpha[s]?) (1+al pha[s])
(Bound[Xi, iota, Absolut, Delta, ei, s]+2dBound[Xi, iota, Absolut, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);
Bound [KDel t aPhi, Part2, s] =

2 d baral pha[s]?

(1 -al pha[s]?)
2dBound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absol ut, s]2+

2 (1 +Bound[Xi, nornmal, Absolut, s])
Bound [Xi, iota, Absolut, s]

1 +al pha[s]
(Bound[Xi, iota, Absolut, Delta, ei, s]+

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s])|;

L (s, (i, 0}}]

Finally, we compute the differences of Fzand @3, lines (4.4.37) and (4.4.38)
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In[217]):= DO[
1
t = ;
" 2dal pha[s] Bound[Xi,iota, Absol ut, s]
- 1-al pha[s]

Bound [Di f ferencef F, Part3, Absolut, s] =

) 2d baral pha[s]
Bound[Xi, normal, Absolut, Delta, 0, s]

(1-al pha[s])?®
(2dal pha[s] Bound[Xi, iota, Absolut, s])2tnp+
bar al pha[s] (2 dal pha[s])?

(1 +Bound[Xi, normal, Absolut, s])
(1-alpha[s])? (1-al pha[s]?)

Bound [Xi , i ota, Absolut, s]tnp?
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]) +

bar al pha[s] (2d al pha[s])?

(1 +Bound[Xi, normal, Absolut, s])
(1-alpha[s])? (1-al pha[s]?)
Bound[Xi, iota, Absolut, s]tnp
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]+
2dBound[Xi, iota, Absolut, s]);

Bound [Di f ferencef F, Part3, Lower, s] = -Bound[Di fferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, Part3, s] =

2d baral pha[s] Bound[Xi, iota, Absolut, s]

Bound [Xi, normal, Absolut, Delta, 0, s]
(1 -al pha[s])?®

(2dal pha[s] Bound[Xi, iota, Absolut, s])?tnp +
(1 +Bound[Xi, normal, Absolut, s])
(baral pha[s] (2d al pha[s] Bound[Xi, iota, Absolut, s])?)/
((1-alpha[s])? (1-al pha[s]?)) (tnp®+tnp)

1
—— (Bound [Xi, iota, Absolut, Delta, ei, s] +
1 +al pha[s]

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);

Bound [KDel t aFLower, s] =
1/ (Bound[Di fferencefF, Partl1l, Lower, s] +Bound[DifferencefF, Part2, Lower, s] +
Bound [Di f ferencef F, Part3, Lower, s]);
Bound [KDel t aF, s] = Bound[Di fferencefF, Partl, Absolut, s] +
Bound [Di f ferencef F, Part2, Absolut, s] +Bound[DifferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, s] = Bound [KDel t aPhi, Partl1, s] + Bound[KDeltaPhi, Part2, s] +
Bound [KDel t aPhi, Part3, s];
Cl ear [tnp];

L {s, {0, o1}

Computation of additial bounds of Assumption 3.5.3

Now we compute bounds on e, @¢, Rrand Ry as given in Section 3.5.3 and 4.3.9. We follow the structure of Section 4.3.9. We know that
z = z =e'/(2d - 1) and by smple combinatorics that

. Z
g = 1+(2d—1)z,(1+(2d—1)z|)+(2d—1)(2d—2)—2'



Percolation_NoBLE_analysis2_impl.nb | 23

1
(2d -1) Exp[1]’
Gamal
(2d-1)

n21gl= z [i ]

z[o] ; (+ Upper bound on z and thereby also on z; )

Torewrite ® asin (3.5.31)-(3.5.33) we extract from 2@ and 2 the nearest neighbor contribtion. For the implementation we split 2©, 20
and 2@ asfollows

n2z01:= Bound [Xi , nor nmal al phaPhi, 0, o] = Bound[d osedRepLoop, 4, 0];
Bound [Xi, normal RPhi, 0, o] = Bound[Cl osedRepBubbl e, 4, 0];

Bound [Xi, normal al phaPhi, 1, o] = Bound[d osedRepLoop, 4, 0];
Bound [Xi, normal RPhi, 1, 0] =
Vector [P, 0]. Matri x[Abar, o]. Vector [P, 0] - {1, 0, O}. Matri x[Abar, o]. {1, O, O} +
Bound [Cl osedRepBubbl e, 4, o];

Bound [Xi, iotaal phaPhi, 0, o] = Bound[&3i, 0];
Bound [Xi, i otaRPhi, 0, 0] = Bound[G3i, o] (Bound[P, O, 0] -1);

We use these quantities to define the bounds

n[226= ap = Max[Bound[Xi , normal al phaPhi, 0, o],
2dz[o]

Bound [Xi , normal al phaPhi, 1, 0] + ——— Bound [Xi, i ot aal phaPhi, O, o]];
1-2z[0]?

Bound [Phi 2Phi 3, Absol ut, 0, 0] =

2dz[o]\2d-1
[—] —— Bound[KPsi, o] Bound[Xi, iota, Absolut, 0]?
1-2z[0] d

1

; (»conpare with (3.4.11)%)
(1-z[0] -(2d-2) z[0o] Bound[Xi, iota, Absolut, o])

bRp = Bound [Xi, nornmal RPhi, 0, o] + Bound[Xi, normal RPhi, 1, 0] +
Sum[Bound [Xi, normal , t, o], {t, {2, 3, EvenTail, OddTail }}] +
2dz[o]

1-z[0]%
(Bound[Xi, iotaRPhi, 0, o] + Sum[Bound[Xi, nornal, t, o],
{t, {1, 2, 3, BEvenTail, OddTail }}]) +

2dz[o] ] o
- Bound [Xi, nornal, Absolut, o] Bound[Xi, iota, Absolut, o] +
1-zJ[o0]

Bound [Phi 2Phi 3, Absol ut, 0, o];
see (3.5.32)-(3.5.33).
To compute ®(0) — d(k) we compute the remainder term for the difference ®,(0) — ®1(k) :
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n2291= Bound [Xi , normal RPhi, 0, Delta, 0, o] = Bound[Wei ght edCl osedBubbl e, 2, o];
Bound [Xi, normal RPhi, 1, Delta, 0, 0] =
Bound[Xi, normal, 1, Delta, 0, o] -Bound[H2, 0, O, o] +
Bound [Wei ght edd osedBubbl e, 2, o];

Bound[Xi, i otaRPhi, 0, DeltaPhi, 0, 0] =
2dBound[G3i, 0] (Bound[P, 0, 0] -1) +
2 d Bound [G3i, 0] Bound[Wei ght edd osedBubbl e, 2, 0];
Bound [Xi, iotaRPhi, O, DeltaPhi, ei, 0] =
2d Bound [G3i, 0] Bound [Wi ght edCl osedBubbl e, 2, o];

Bound [Xi, i otaRPhi, Absol ut, o] =
Bound[Xi, iota, Absolut, o] -Bound[Xi, iota, 0, o] +Bound[Xi, iotaRPhi, 0, 0];
Bound [Xi, iotaRPhi, Absolut, Delta, 0, 0] =
Bound[Xi, iota, Absolut, Delta, O, o] -Bound[Xi, iota, O, Delta, 0, 0] +
Bound [Xi, iotaRPhi, 0, DeltaPhi, 0, o];
Bound [Xi, i otaRPhi, Absolut, Delta, ei, 0] =
Bound[Xi, iota, Absolut, Delta, ei, o] -Bound[Xi, iota, O, Delta, ei, 0] +
Bound [Xi, iotaRPhi, 0, DeltaPhi, ei, o];

Then, we use these differences and add the already computed differences ®,(0) — ®,(k) and ®3(0) — ®3(k):

niz36)= bRpDel ta = Bound [Xi, nornal RPhi, 0, Delta, 0, o] +
Bound [Xi, normal RPhi, 1, Delta, 0, o] +
Sum[Bound [Xi, normal , t, Delta, O, o], {t, {2, 3, EvenTail, OddTail }}] +
z[o]
1-2z[0]?
(2d Bound[Xi, normal, Absolut, Delta, 0, o] Bound[Xi, iotaRPhi, Absolut, o] +
(1 +Bound[Xi, nornmal, Absol ut, o]) Bound[Xi, iotaRPhi, Absolut, Delta, ei, 0] +
2dz[o] Bound[Xi, nornal, Absolut, Delta, O, o] Bound[Xi, iotaRPhi, Absolut, o] +
z[o] (1 +Bound[Xi, normal, Absolut, o])
Bound [Xi, iotaRPhi, Absolut, Delta, 0, 0]) +
z[o]
1-z[0]%
Bound [Xi, i ot aal phaPhi, 0, 0]

2dz[o] Bound[Xi, normal, Absolut, Delta, 0, 0] p +
2

z[0o] Bound[Xi, normal, Absolut, o] Bound[Xi, iotaal phaPhi, O, o]] +
Bound [KDel t aPhi, Part2, o] + Bound[KDel taPhi, Part3, o];

Thefirst term corresponds are contributions to E, that have not been extracted. The second term bound ¥} ¥©/(0) (Ei ) - E‘(e,)). The third

term bounds ; (@(O)’I(O) - \If(o)v‘(O)) Ei(e,)). In last term bound all remainder term the contribution of ®,and ®3.

For therewrite of 1 — F(k) we require the following quantities:
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nea7i= Psi lei ekLower = ¢3i z[i 14 +20 (2d-2) z[i 15; (»@1 % (e1+€3) )
Psi Oellower = (2d-2) z[i ]*+ (2 (2d-2)+2d-3+3(2d-2) (2d-4) + (2d-4)?) z[i 1%
(»2% % (e1) *)
Psi Oe2Lower = (2d-3) z[i ]*+ (2 (2d-2)+2d-3+3 (2d-2) (2d-4) +(2d-4)?) z[i 1%
(»2% X (€2) %)

Psi Oei ek = z[0]% (z[0]? +c4ik z[0]* +c6ik z[0]° + Bound [RBik, 0]) +
cdik

z[0]* (c6ik z[0]°® + Bound[GBik, 0]) +Bound[GBik, 0] Bound[G6ik, 0];

(#20 K () +ey) )

] Bound [C osedRepBubbl e, 4, 0] )
Psi le2 = Bound [Gli, 0] +
2dz[o]

Bound [C osedRepBubbl e, 3, 0]

Bound [OpenRepBubbl e, 2, o] Max[1, Bound[Gl, 0]1;
2dz[o]

Psi 1el = Psi 1e2;

We use as bound on the absol ute value of a(3.5.39) the following

z[0] (2d-2) - S
nas= af =2d ———— +2d z[0] — (Psi Oei ek - Psi lei ekLower ) +

z
2dzJo] — ((2d-2) (Psi 1e2 - Psi Oe2Lower ) + (Psi 1lel - Psi OelLower));
1-zJ[0]

For the computation of F(0) — F(k) we use the following values

nz441= Bound [Xi, nornal Rf, 0, Delta, 0, o]
Bound[Xi, normal Rf, 1, Delta, 0, 0]
Bound[Xi, normal, 1, Delta, 0, o] -Bound[H2, 0, O, o] +
Bound [Wei ght edCl osedBubbl e, 2, o];
Bound [Xi, normal Rf, 0, o] = Bound[Cl osedRepBubbl e, 4, o];
Bound [Xi, normal Rf, 1, o] =
Bound [Xi, norrmal, 1, Delta, 0, o] -Bound[H2, O, O, o] +
Bound [Wei ght eddl osedBubbl e, 2, o];
Bound [Xi, normal Rf, Absol ut, o] =
Bound [Xi, normal, Absolut, o] +
Sum[Bound [Xi, normal Rf, t, o] -Bound[Xi, normal, t, o], {t, O, 1}7;
Bound [Xi, nornal Rf, Absolut, Delta, 0, o] =
Bound[Xi, normal, Absolut, Delta, 0, o] +
Sum[Bound [Xi, normal Rf, t, Delta, 0, o] -Bound[Xi, normal, t, Delta, 0, o],
{t, 0, 1}1;

Bound [Wei ght edd osedBubbl e, 2, o];

to create the bounds

2dz[o] 2d-2

inz49= bRf = Bound [Xi, nornmal Rf, Absol ut, o] +
l-z[0] 2d
2dz[0] % 21?22[[00]1 Bound[Xi, iota, Absolut, o]
—— Bound [KPsi, 0] ;
1-z[0]? 1—%[[00]] Bound[Xi, iota, Absolut, 0]
bRfDelta =

2dzJo] ]

—— (Bound [Xi, normal Rf, Absolut, Delta, 0, o] +

1-z[0]?

Bound [Xi , normal Rf, Absol ut, o] +
z[o] Bound[Xi, normal Rf, Absolut, Delta, 0, 0]) +
Bound [Di f ferencef F, Part2, Absolut, o] +Bound[DifferencefF, Part3, Absolut, o];
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Check of the sufficient condition
Now we can compute whether Q(y,I",z) is satisfied, see Definition 3.5.6.

In[251]:= DO[
1+ ;g'i Ganmal Bound [Xi, i ota, Even, s]
NoBLEBoundF1([s] = = :
rho[s] —% Bound [Xi, normal, Odd, s]
2d-2 .
NoBLEBoundF2[s] = p Bound [KPhi absup, s] Bound[KDel t aFLower, s1;
2d-1
L (s, (i, 0}}]

n2s21:= BoundFThr ee [0, 0]

out252)= BoundFThr ee [0, 0]

Wefinaly check

in253):= Do [
Succes [f1, s] = NoBLEBoundF1[s] < Gammal;
Succes [f2, s] = NoBLEBoundF2[s] < Ganmm2;
Succes[s] = Succes[f1l, s] & Succes[f2, s];

. {s, {i, 0}}]

Further, we need the constants for the improvement of f 3ny and f anl’

2d-2
n254:= BoundFFour [n_, | _] : = BoundFFour Bar [n, I, ] Gamra2, twodgz([s], 1, af,
2d-1
ap, bRf, bRp, bRfDelta, bRpDelta, Bound[KDel t aFLower, 0] ];
2d-2
BoundFThree[n_, | _] : = BoundFThr eeBar [n, I, Gamme2, twodgz[s], 1, af,

ap, bRf, bRp, bRfDelta, bRpDel ta, Bound[KDel t aFLower, o]];

in2se:= Do [
SuccesFThree[t +2] = BoundFThree[l, t] < GanmaThree[1, t1;
» {t, 0, 3}]
SuccesFThree[1] = BoundFThree[0, 0] < GanmaThree[0, 0];
Succes [f 3bar ] = SuccesFThree[1] & SuccesFThree[2] & SuccesFThree[3] &&
SuccesFThree[4] & SuccesFThree[5];

Succes [f 4bar ] = BoundFFour [1, 4] < GammaFour [1, 4];

Succes[overal |l ] = Succes[i ] & Succes[0] & Succes [f 3bar ] & Succes [f 4bar ];

Result

Theoverall result
The statement that the bootstrap was succesful is

nz61)= Succes [overal | ]

out261]= True

If this succedes than the analysis of Section 3.5 can be used to proved mean-field behavoior for Percolation.
Assuming the bootstrap was succesful we prove the following bounds: The infrared bound in (3.3.12) and (3.3.13) hold with



2d-2

2d-1
Max [Bound [KDel t aFLower, 0], 1]

(» Nominator in (4.3.13) =*)

Game2 (» > G (k) [1-D(k) ] #)

In[262]:=

outz621= 1. 00136
out263= 1. 0594

Further, we have proven that g, z; is smaller than

1
2d-1
oute41= 0. 0360131

Ganmal

In[264]:=
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Theimprovement of bounds

nizesi= bubbl es = {Graphi cs[{G een, Disk[{O, 0}, 0.8]}, |InageSi ze -> 30],
Graphi cs[{Red, Disk[{O0, 0}, 0.8]}, | mageSi ze -> 40]};
t abl ed assi cCheck = {{Bounds, Init -fq, Init-fy, fq, fo, f_4,1,4},
{Gamma, Gammal, Ganma?2, Ganmal, Ganme2, GanmaFour [1, 4] },
{Bounds, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF1[o0], NoBLEBoundF2[o],
GamreFour [1, 41}, { check,
I f [NoBLEBoundF1[i ] < Ganmal, bubbl es[[1]], bubbles[[2]]],
| f [NoBLEBoundF2[i ] < Gamma2, bubbl es[[1]], bubbles[[2]]],
| f [NoBLEBoundF1[0] < Gammal, bubbl es[[1]], bubbles[[2]]],
I f [NoBLEBoundF2[0] < Ganma2, bubbl es[[1]], bubbles[[2]]],
I f [BoundFThree[0, 0] < GanmaThree[0, 0], bubbles[[1]], bubbl es