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Abstract

In this file we performs we the computations of the analysis of the non-backtracking lace expansion
for percolation. All referencesin this version of the notebook are to the PhD thesis of the author.

We expect as input the dimension d and the constance I';,I'2,I'3, €1,..,C4. After choosing these
guantities select the menu item Evaluate-> Evaluate Notebook. When thse computations/eval uationg
are finished the results are show in tables at the end of the document. There we also show whether
the bootstrap and thereby the analysisis succesful.

We first compute bounds on the simple random walk two-point function (Section 5.2.1). Then we
compute bound on the two-point function and repulsive diagrams (Section 5.1.2). We use these
bounds to compute the Diagramatic bounds derived in Section 4.5. and compute the bounds used for
the Analysisin Section 3.3.

10.5.2013

I nput

The dimension in which we perfrom the computations

n2s1= d = 38;
For the bootstrap we assume that fi(2) < T with I gives asfollows

n2s2= Gammal = 1. 0152616; Ganma2 = 1. 023744; Gamma3 = 1. 2;
To define the bootstrap function f3 we use the following constants

n253= ¢l = 0. 2256;

c2 = 0. 6994,
c3 = 0.074216;
c4 = 9. 12551;

{38, 1.01526, 1.02374, 1.2, 0.225599, 0.699387, 0.0742245, 9.12546}
Valuesthat are working for d=38 (* deactivated*)
n257)= (*d=38;
Gamal=1. 0152616; Gamma2=1. 023744; Garma3=1. 2;
c1=0. 2256;
c2=0. 6994;

c3=0. 074216;
c4=9. 12551; *)

Simple Random Walk integral

We compute the two-point function of the simple random walk,

) D"k dik
Inm(X) = f gk U
(=l (1- D) @m*
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see Section 5.2, using that

Inm(X) = Inm-1X) = n-1),m-1(X)

1 dk 1
lno(0 = f 1 f o vdooste) ghox K _ f 1T Fct, d, 1x)
"o n-1!Jo I—L - 27 (n-1!Jo l_rﬂ

where F(t,d,n) is the modified Besselfunction. We implement the Besselfunciton and a function to compute I, o(X).

t t
nsel= F[t_, d_, N_]:= e« Bessell [N, E]

Nint[n_, d_, T_1:=

1/ ((n-1)!)*Nntegrate[t” (n-1) % (F[t, d, 0])~d, {t, 0, T},
Wor ki ngPr eci si on -» 407;

Then we define the number of n-step SRW loop as given in Section (5.2.6)-(5.2.10)

n260l= $2 = N[2d];

41 d(d-1)
S4=N[[d* +—*4!]];
2x2 2
6! 61! d(d-1) (d-2)
S6=N[ (d*—+d*(d—1)* + *6! ];
31 3! 2x2 3!
s8 =
81! 8! 8! d(d-1) (d-2) 81!
N[[d*—+d*(d—l)*(—+—]+ * +
41 41 31 31 25 2 2x2
d(@d-1) (d-2) (d-3)
*8!]];
41

Then we compute I (0) for n=1,2,3,4:

nze4r= |1 10 = NI nt [1, d, o];
120 = NInt [2, d, =];
130 = NInt [3, d, »];

140 = NI nt [4, d, «];

and use Inm(0) = Inm-1(0) = l(n-1),m-1,(0) to compute |, m(0):
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in408)= SRWIwoPoi nt Functi onTable =
{{nm o, 1, 2, 3, 4}, {0, 1, 110, 120, 130, 140}, {1, 0, 0, 0, O, 03,

2, , 0, 0, 0, 0}, (3,0, 0,0, 0, 03, {4, , 0, 0, 0, 0},
s6
{5, 0, 0, 0, 0, 0}, {6, —, 0, 0, O, O}, {7, 0, 0, 0, 0, 0},
(2d)°
{8, ——., 0,0, 0, 0}, {9, 0, 0, 0, 0, 0}, {10, -1, 0, 0, O, 0}};
(2d)8

For[i =3, i <13, i ++,
For[j =3, ] <7, j ++,
SRWIwoPoi nt Functi onTabl e[[i, j]] =
SRWIwoPoi nt FunctionTabl e[[i -1, j]] - SRWiwoPoi nt FunctionTable[[i -1, j -1]1];1

]
Cearli, j]

111 = SRWwoPoi nt Functi onTabl e[[3, 3]17;

1 12 = SRWIwoPoi nt FunctionTabl e[ [4, 3]1;

1 14 = SRWwoPoi nt Functi onTabl e[[6, 3]1;

1 16 = SRWwoPoi nt Functi onTabl e[ [8, 3]17;

1 16 = SRWwoPoi nt Functi onTabl e[[8, 3]17;

1 18 = SRWIwoPoi nt Functi onTabl e[ [10, 3]11;
1110 = SRWIwoPoi nt Functi onTabl e[[12, 3]11;
1 21 = SRWwoPoi nt Functi onTabl e[[3, 4]17;

| 22 = SRWwoPoi nt Functi onTabl e[ [4, 4]17;

1 24 = SRWIwoPoi nt FunctionTabl e[[6, 4]1;

1 26 = SRWIwoPoi nt FunctionTabl e[[8, 4]1;

1 28 = SRWwoPoi nt Functi onTabl e[ [10, 4]1;
1210 = SRWwoPoi nt FunctionTabl e[[12, 4]];
1 31 = SRWIwoPoi nt FunctionTabl e[[3, 5]1;

1 32 = SRWIwoPoi nt FunctionTabl e[[4, 5]1;

1 33 = SRWwoPoi nt Functi onTabl e[ [5, 5]17;

| 34 = SRWwoPoi nt Functi onTabl e[[6, 5]17;

1 36 = SRWIwoPoi nt FunctionTabl e[[8, 5]1;

1 38 = SRWIwoPoi nt Functi onTabl e[ [10, 5]1;
1310 = SRWwoPoi nt FunctionTabl e[[12, 5]];
| 42 = SRWwoPoi nt Functi onTabl e[[4, 6]7;

1 44 = SRWIwoPoi nt FunctionTabl e[[6, 6]1;

1 46 = SRWIwoPoi nt FunctionTabl e[[8, 6]1;

| 48 = SRWwoPoi nt Functi onTabl e[[8, 6]17;
1410 = SRWwoPoi nt FunctionTabl e[[12, 6]];

NFor m[a_1] : = Nunber For m[N[a] , 51;

Label ed[Gi d[Map [NForm SRWIwoPoi nt Functi onTabl e, {2}1,
Alignment -> {{Left, Center}, Baseline, {{2, 12}, {2, 6}} -> {"."}},
Frame -> True, Dividers -> {{2 -> True, -1 -> True}, {2 -> True}},
Spacings -> {1.5, {1.5, 1, {0.5}}}, ItenBtyle -> {1 -> Bold, 1 -> Bold},
Background -> {Automatic, Automatic, {{2, 12}, {2, 6}} -> GrayLevel [0.9]}]1,
Styl e["Val ue of the SRWtwo-point function.", Bold], Top] // Text
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Value of the SRW two—point function.

mn 0. 1. 2. 3. 4,

0. 1 1.0137 1.0423 1.0877 1.1529

1. 0. 0.013707 0.02859 0.045416 0.065164

2. 0.013158 0.013707 0.014884 0.016826 0.019748

3. 0. 0.00054868 0.0011771 0.001942 0.0029221
o | & 0.00051256 0.00054863 0.00062838 0.00076491 0.00098016

5. 0. 0.000036123  0.0000797 0.00013653 0.00021525

6. 0.000032837  0.000036123  0.000043578  0.000056835  0.000078712

7. 0. 3.2852x10°®  7.455x10°° 0.000013257  0.000021877

8. 2.9062x10°® 3.2852x10°®  4.1698x10° 58023x10°°  8.6198x10°°

9. 0. 3.7901x10°7  8.8459x10°7  1.6325x10°®  2.8175x10°°

10. | -1. 3.7901x10°7  5.0558x10°7  7.4791x10°7  1.185x10°°

Bound on the two-point function and on repulsive diagrams
Definition of Constants

We define the constants for two setting s: we use s=i for bound on z = z, and s=o for bound on ze (7, z) :

Definition of key quantities

1
n2o7= z[i ] = —;
(2d -1)
Gammal
z[o] = d—; (» Upper bound on z and thereby also on z; )
(2d-1)

(*bound on the two-point functions)
Var Ganmel[i ] = 1;

Var Gammal[o] = Gammal,
] (2d-2) 2d-2
Var Gamma2[i ] = —; (*G; (X)<B; (X) = ——=C(X) *)
2d-1 2d-1
Var Gamma2[0] = Gama2 * . (#G, (k)< varGamma2 C(k), follows fromf2x)

Var Ganmmae3[i ] = Var Ganma2[i 1;
(»for a bound on Delta at z=
z, we replace Gwith B in x-space before going to Fourier spacex)
Var Gamma3 [0] = Ganma3;
Varcl[o] =cl; Varc2[o] =c2; Varc3[o] =c3; Varc4[o] = c4,;
Varcl[i] =0; Varc2[i] =0.5; Varc3[i] = 0;
Varc4[i] = 4,

Further, we define variables to save the number of short NBWSs, as given explain in Section 5.1.2 we can use the number if SAW only for
SAW and LT:

nEo7= ¢c2i k = 2; (*Co (€1+€2) *)
cdik =4 (2d-3) +2 (2d-4); (*Cg(€1+€2) %)
c6ik =16+84 (2d-4) +36 (2d-4) (2d-6) +6dc3i; (xCs(€1+€2) %)

c3i (2d-2); (xCz(e1) *)

c5i (3(2d-2)+4(2d-2) (2d-4) ) +4dc3i; (*Cs(e1)*)

c7i = (14 (2d-2)+62 (2d-2) (2d-4) +27 (2d-2) (2d-4) (2d-6) ) +8dc3i +4dcbi;
(xC7(e1) *)

Bounds on two-point function
We compute bounds as explained in Section 5.1.2. We begin by computing G, ;(e1) asin (5.1.22)-(5.1.24)
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In[313]:= DO[
Bound[G7i, s] =c7i (z[S])"+ (2dz[s])"9*VarGamma2[s] »1110; (* G ;(e1)*)

Bound[GBi, s] =c¢5i (z[s])®+Bound[G7i, s]; (* G ;(€1)*)

Bound[G3i, s] =c¢3i (z[s])%+Bound[GBi, s]; (* G ;(€1)*)

Bound [Gli, s] =z[s] +Bound[G3i, S]; (* Gy, ;(e1)%*)

rho[Lower, s] =1-Bound[Gli, s];

rho[s] =1-z[i]-¢3i z[i13(1-2z[i]1)-¢c5i z[i1° (A-z[i )%

. {s, {i, 0}}]
Then we compute G} ,(e1 + &) and G} ,(2 &), see (5.1.25)-(5.1.26) :

in3141= Do [

d
Bound [G8i k, S] n (2dz[o])~8VarGamm2[s] | 110; (*Gg(ei1+€2)*)

Bound [G6i k, s] =c6ikz[s]"6+VarGamma2[s] | 18; (*Gs(e1+€2) *)
Bound[G4i k, s] = Bound[GBi k, s]+ (c4ik-2 (2d-3) ) z[s]1% (+G (e1+€2)*)
Bound[Ri k, s] = Bound[GAi k, s]+ (c2ik -1) z[s]1%; (*G} (e1+€2) *)

. {s, {i, 0}}]

We compute the supremum of the two-point function as givenin (5.1.27)-(5.1.31):

In[315]:= DO[
Bound [G8, s] = Max [c6ik z[s]°, c7i z[s]’] + (2d z[s]) "8 Var Ganme2([s] | 18;
(» Bound for sup, G (x)=Max[Gs(e), G (e1+€2), sup, Gg(X)]+)
Bound [G4, s] = Max [c4ik z[s]%, c5i z[s]°] +Bound[G6, s]; (+ Bound for sup,Gi(x)=*)
Bound [@, s] = Max [c2i k z[s]?, c3i z[s]®] +Bound[G4, s]; (» Bound for sup,G (x)=*)
Bound [Gl, s] = Max[Bound[Gli, s], Bound[@2, s]]; (* Bound for sup,G(X)*)
Bound[G4i i, s] = (2d+2) z[s]*+Bound[GB, s]; (» Bound for sup,G (2 e1)=*)
. {s, {i, 0}}]

Closed repulsive diagrams

We define the bounds on the closed repulsive diagrams as desribed in Section 5.1.2 in (5.1.34)-(5.1.36). The bound does only depent on the
total number of steps and the number of tw-point functions involved. It does not depent on the indivitual length of the pieces my, my, ... and
of the orientation of the arrows.
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In[316]:= DO[
Bound [Cl osedRepLoop, 4, s] =2dz[s] Bound[G3i, S];
Bound [Cl osedRepBubbl e, 4, s] =
z[s1*(2dc3i) +3z[s]1® (2dc5i) +5z[s]® (2dc7i) + (2dz[s])%° Var Ganmma2[s] 1110 +
(2dz[s]1)° Var Gamma2[s]? | 210;
Bound [Cl osedRepBubbl e, 3, s] =
Bound [C osedRepLoop, 4, s] +Bound[d osedRepBubbl e, 4, s1;
Bound [Cl osedRepTri angl e, 4, s] =

(4+1-4) (4+2-4) ) (6+1-4) (6+2-4) )
. z[s1* (2dc3i) + . z[s1® (2dc5i) +
(8+1-4) (8+2-4) (10 -6) (9 -6)
. z[s]1® (2dc7i) + — (2dz[s])'° Var Gamma2[s] | 110 +

6 (2dz[s]1)° Var Ganma2[s]1%1210 + (2d z[s])*° Var Gamma2[s ]2 | 310;
Bound [Cl osedRepSquare, 4, s] =
z[s1* (2dc3i) +10z[s]1®% (2dc5i) +352[s]® (2dc7i) +
(10 - 4) (9 -4)
84 (2dz[s])* VarGamma2[s] | 110 +f (2dz[s])*° Var Ganma2[s]% 1210 +
6 (2dz[s]1)° VarGamma2[s]13 1310+ (2d z[s])*° Var Gamma2[s]* | 410;
Bound [Cl osedRepSquare, 3, s] =
Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 4, s];
Bound [Cl osedRepSquare, 2, s] =
Bound [Cl osedRepLoop, 4, s] +2Bound[C osedRepBubbl e, 3, s] +
Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 3, s];
. {s, {i, 0}}]

Open repulsive diagrams
Then we define the bound on the open repulsive diagrams asin (5.3.38):
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In[317]:= DO[
Bound [OpenRepBubbl e, 1, s] =
Max [2c2ik z[s]?+4caikz[s]*+6C6ikz[s]®,
z[s]+3c3i z[s]1®+5¢c5i z[s]°+7¢c7i z[s]"] +7 (2d z[s])® Var Ganma2[s] | 18 +
(2dz[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 2, s] =
Max [c2i k z[s]%+3cdikz[s]*+5c6ikz[s]® 2c3i z[s]®+4c5i z[s]°+6cC7i z[s]"] +
6 (2dz[s])®VarGamm2([s] 118 + (2d z[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 3, s] =
Max [2 c4ik z[s]*+4c6ik z[s]® c3i z[s]®+3cbi z[s]°+5¢c7i z[s]'] +
5(2dz[s])®VarGamm2([s] 118+ (2d z[s])® Var Gamma2[s]? | 28;
Bound [OpenRepBubbl e, 4, s] =
Max [c4ik z[s]%+3c6ikz[s]® 2c5i z[s]°+4c7i z[s]'] +4 (2dz[s])® VarGamma2[s] | 18 +
(2dz[s])® Var Gamma2[s]? | 28;
Bound [OpenRepTri angle, 1, s] =
Max[3c2i kz[s]?+10c4ikz[s]* +21c6ik z[s]®,
z[s]+6¢3i z[s]®+15¢5i z[s]®°+28c7i z[s]'] +
(8-1) (7-1) . . ,
——  (2d z[s])® VarGamma2[s] 1 18 + 7 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 2, s] =
Max [c2i k z[s]?+6c4ikz[s]*+15c6ikz[s]® 3¢3i z[s]®+10c5i z[s]°+21c7i z[s]] +
(8-2) (7-2) 8 8 )
—— (2d z[s])® VarGamma2[s] 1 18 + 6 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 3, s] =
Max [3 c4i k z[s]* +10c6i k z[s]°, c3i z[s]®+6¢C5i z[s]°+15c7i z[s]'] +
(8-3) (7-3) 8 8 )
——  (2d z[s])® VarGamma2[s] 1 18 +5 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepTri angle, 4, s] =
Max [c4ik z[s]* +6c6ikz[s]® 3cbi z[s]®°+10c7i z[s]'] +
(8-4) (7-4) . . ,
——  (2d z[s])® VarGamma2[s] 1 18 +5 (2d z[s])® Var Ganmme2[s]“ | 28 +
(2dz[s])® VarGamma2[s]° | 38;
Bound [OpenRepSquare, 2, s] =
Max [c2i k z[s]%+ 10 c4ik z[s]* +35c6ik z[s]® 3c3i z[s]®+20c5i z[s]°+56¢7i z[s]'] +
(8-2) (7-2)
84 (2dz[s])® Var Gamma2[s] |18+f (2dz[s])® Var Gamma2[s]% 128 +
6 (2dz[s])®VarGamm2[s]13138+ (2dz[s])® VarGarma2[s]* | 48;
. {s, {i, 0}}]

Weighted Diagrams
We define weighted diagams as explained in Section 5.1., e.g. (5.1.19) and (5.1.42)-(5.1.49) we derive weighted closed diagrams
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in318)= Do [

Bound [Wei ght edd osedBubbl e, 4, s] =

(2dz[s])* Var Gamma2[s] Var Garma3[s] (Varcl[s] |24+ (2 Varc2[s] +Varc3[s]) | 34);
Bound [Wei ght edCl osedBubbl e, 3, s] =

Bound [Wei ght edC osedBubbl e, 4, s] +

d d
2dz[s]® [Bound[GSi, s]1+3 (2d—2)ﬂn (2dz[0])"~3 VarGanma2[s] | 16 +

5(2d-2) Bound [G4, s]+ 9 (z[s]®+3 (2d-2) z[s]® +Bound [G5, s])|;

Bound [Wei ght edd osedBubbl e, 2, s] =
Bound [Wei ght edd osedBubbl e, 3, s] +8dz[s]?Bound[&ii, s] +
8dz[s]?(2d-2) (z[s]?+Bound[G4i k, s]);
Bound [Wei ght edC osedBubbl e, 0, s] =
Bound [Wei ght edCl osedBubbl e, 2, s]+2dz[s] Bound[G3i, S];

Bound [Wei ght edOpenLi ne, 0, s] =

Var Gamma3[s] (Varcl[s] 110+ (2Varc2[s] +Varc4[s]) | 20);
Bound [Wei ght edOpenBubbl e, 0, s] =

Var Gamma2 [s] Var Gamma3[s] (Varcl[s] 120+ (2 Varc2[s] +Varc4([s]) | 30);
Bound [Wei ght edOpenBubbl e, 1, s] =

(2dz[s]) Var Gamma2[s] Var Ganma3 [s]

(Varcl[s] 120122 + (2Varc2[s] +Varc4[s]) V130132 );

Bound [Wei ght edOpenBubbl e, 2, s] =

(2dz[s])? Var Gamma2 [s] Var Garma3[s] (Varcl[s] |22+ (2 Varc2[s] + Varc4[s]) | 32);
Bound [Wei ght edOpenBubbl e, 3, s] =

(2dz[s])° Var Ganma2 [s] Var Garma3[s]

(Varcl[s] V122124 + (2Varc2[s] +Varc4[s]) VI32I34);
L {s, (i, o]

Building Blocks

Definition of diagramswithout weight

Here we define the quantities of Section 4.5.2. The element of the bounds (4.5.30)-(4.5.38). We defined the element in the thesis using
bubble, triangles, square and even pentragram. The bound on these diagrams depend only on the number of two-point funtions/pieces
without fix lengh and the number of fixed steps.

We define the bound on PO Pdefinein Table 4.18 asfollows:

inz191= Do [
Bound [P, O, s] =1+ Bound[C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s];
Bound [P, 1, s] = 2 Bound [Cl osedRepLoop, 4, s] + Bound[C osedRepBubbl e, 4, s];
Bound [P, 2, s] = Bound[Cl osedRepLoop, 4, s] +
Bound [Cl osedRepBubbl e, 4, s] +Bound[d osedRepTri angl e, 4, sI;

» {s, {i, 0}}1;
The bound on A2Pdefinein Table 4.19 we declare the variables:
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In[320]:= DO[
Bound[A, 0, 0, s] = Bound[CO osedRepLoop, 4, s] + Bound[C osedRepBubbl e, 4, sJ;
Bound[A, 0, 1, s] = Bound[C osedRepLoop, 4, s] +Bound[Cl osedRepBubbl e, 4, s];
Bound[A, 0, 2, s] = Bound[C osedRepTri angl e, 4, s];
Bound[A, 1, 0, s] =
d— (Bound [C osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s]);
2dz[s]

Bound[A, 1, 1, s] =

d— (Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s]);
2dz[s]

Bound [Cl osedRepTri angl e, 4, s]
Bound[A, 1, 2, s] ;
2dz[s]

Bound[A, 2, 0, s] = Bound[OpenRepBubbl e, 1, s1;
Bound[A, 2, 1, s] = Bound[OpenRepBubbl e, 2, s1;
Bound[A, 2, 2, s] = Bound [OpenRepTriangle, 3, s1;

L {s, 4, ony];

We defined A®P using diagrams what do not need to be repulsive. Follow Table 4.20 we define

In[321]:= DO[
Bound [Ai s]=(2dz[s])*VarGanma2[s] 114+ (2d z[s])* Var Gamma2[s]? | 24;
Bound[Ai, O, 1, s]=(2dz[s])*VarGamma2[s] 114+ (2dz[s])* VarGanma2[s]? | 24;
Bound[Ai, 0, 2, s]=(2dz[s])* VarGamma2[s]®|34;
(2dz[s])*VarGamma2[s] 114+ (2dz[s])* Var Gamma2[s]? | 24
Bound[Ai, 1, 0, s] = ;
2dz[s]

(2dz[s])*VarGamma2[s] 114+ (2dz[s])* Var Gamma2[s]? | 24

e

Bound[Ai, 1, 1, s] = ;
2dzJs]

Bound[Ai, 1, 2, s] = (2dz[s])2 VarGamma2[s]®|34;

Bound[Ai, 2, 0, s] = (2dz[s])? VarGamma2[s]?122;

Bound[Ai, 2, 1, s] = (2dz[s])? VarGamma2[s]?122;

Bound[Ai, 2, 2, s]=(2dz[s])3VarGanma2[s]® V132134 ;

L s, (i, o1

Then we define A~ asin (4.5.16)-(4.5.20):
In[322]:= Do[
Do
Bound [Abar, a, 0, s]

Bound[Ai, a, O, s];
Bound[Ai, a, 1, s]
Bound[Abar, a, 1, s] = ;
2dzJi]

L {a {0, 1, 21];

Bound [Abar, 0, 2, s] = (2dz[s])? VarGamma2[s]?|22;
Bound[Abar, 1, 2, s] = (2dz[s]) VarGama2[s]? | 22;
Bound [Abar, 2, 2, s] = Var Gamma2[s]? | 20;

g, {iL on];

Then we define B22P gsin Table 4.21 and the comment after (4.5.20)
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In[323]:= DO[
Do[
Bound [B2i, a, 0, s] =0;
Bound [B2i, a, 1, s] =0;
» {a, {0, 1, 2}11;

Bound [Cl osedRepTri angl e, 4, s]
Bound[B2i, 0, 2, s] = Bound[Cl osedRepBubbl e, 3, s] p +
2dz[s]

Bound [C osedRepTri angl e, 4, s] Bound[OpenRepTri angle, 3, sJ;

Bound [Cl osedRepBubbl e, 3, s] Bound[Cl osedRepTri angl e, 4, s]
Bound[B2i, 1, 2, s] = +

2dz[s] 2dz[s]

Bound [OpenRepTri angl e, 3, s]
Bound [C osedRepTri angl e, 4, s] & P g ;
2dz[s]

Bound [Cl osedRepBubbl e, 3, s]
B 2dz[s]

Bound [OpenRepBubbl e, 2, s] Bound [QpenRepTri angl e, 4, s];
L {s, (i, OB

Bound [B2i, 2, 2, s] Bound [OpenRepTri angle, 3, s] +

Further, we define B"* asin Tables 4.22-4.23 and the comment after (4.5.20)

in324]= Do [

Do[

Bound [Bbar2i, 0, a, s] =0;

» {a, {0, 1, 2}}1;

Bound [Bbar2i, 1, 0, s] = Bound[G3i, s] Bound[Cl osedRepBubbl e, 4, s] +
Bound[&, s] Bound[C osedRepTriangle, 4, s];

Bound [Cl osedRepTri angl e, 4, s]
Bound[&, s] ;
2dz[s]

Bound [Bbar2i, 1, 2, s] = Bound[G3i, s] Bound[OpenRepBubbl e, 3, s] +
Bound [&, s] Bound[OpenRepTriangle, 4, sJ;

Bound [Bbar 2i, 2, 0, s] = Bound[C osedRepBubbl e, 3, s] Bound [OpenRepBubbl e, 4, s] +
Bound [Cl osedRepBubbl e, 3, s] Bound[Cl osedRepTri angle, 4, s] +
Bound [C osedRepTri angl e, 4, s] Bound[OpenRepTri angle, 3, sJ;

) Bound [Bbar 2i, 2, 0, s]
Bound[Bbar2i, 2, 1, s] = ;
2dz[s]

Bound [Bbar2i, 1, 1, s]

Bound[Bbar2i, 2, 2, s] =
Bound [Gl, o] Bound [OpenRepBubbl e, 2, s] Bound[Cl osedRepBubbl e, 3, s] +
Bound [Cl osedRepBubbl e, 3, s]
+
2dzJs]
Bound [Gl, o] Bound [OpenRepBubbl e, 1, s] Bound[Cl osedRepTri angl e, 4, s1;
L {s, (i, ony];

Bound [OpenRepTri angl e, 3, s]

nz2sl= Bound [OpenRepBubbl e, 1, 0]
Bound [Gl, 0]

out3251= 0. 0142055

out3z6)= 0. 0137371

We define the bound on PMN)i-bdefinein Table 4.24 asfollows:
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In[327]:= DO[
Bound[Piota, 0, s] =2dBound[G3i, s] Bound[P, 0, s1;
Bound[Piota, 1, s] =2dBound[G3i, s] Bound[P, 1, s]+2d (z[s] +Bound[G3i, s]);
Bound[Piota, 2, s] =2dBound[G3i, s] Bound[P, 2, s] +Bound[G3i, s] +
Bound [Cl osedRepBubbl e, 3, s]
+

z[s]
Bound [C osedRepBubbl e, 3, s]
2dz[s]

2d [z[s] +Bound [&3i, s] +

Bound [Cl osedRepBubbl e, 3, s7J;
L {s, 4, ony];

Definition of diagramswith weight
Now we first implement the bound in the diagrams H1P, H21:2b gnd H3i2b defined in (4.5.23)-(4.5.25):
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In[328]:= DO[
Bound[H1, 0, O, s]

Bound [Wei ght edd osedBubbl e, 0, sJ;

Bound [Wei ght edCl osedBubbl e, 0, s]
Bound[H1, 1, O, s] = .

2dzJs]
Bound [Wei ght edCl osedBubbl e, 0, s]

Bound[H1, O, 1, s] = ;

2dzJ[s]
Bound [Wei ght edd osedBubbl e, 2, s] .

Bound[H1, 1, 1, s] =
(2dz[s])?

Bound [Wei ght edOpenBubbl e, 0, s1;

Bound [Wei ght edOpenBubbl e, 0, s1;

Bound[H1, 2, 0, s]
Bound[H1, 0, 2, s]

Bound [Wei ght edOpenBubbl e, 1, s
Bound[H1, 2, 1, s] = [ 9 % ]'

2dz[s]
Bound [Wei ght edOpenBubbl e, 1, s] .

Bound[H1, 1, 2, s] =

2dz[s]
Bound [Wei ght edOpenBubbl e, 0, s];

Bound [H1, 2, 2, s]

Do [Do[
Bound[H2, a, b, s] =Bound[Hl, a, b, s];
» {a, {0, 1, 2331, {b, {0, 1, 2}}];
(» for H3 we know that the unweighted path has at |east |ength onex)
Bound[H3, 0, 0, s] = Bound[Wi ght edd osedBubbl e, 0, s1;
Bound [Wei ght edCl osedBubbl e, 2, s] .

Bound[H3, 1, 0, s]

2dz[s]

Bound [Wei ght edCl osedBubbl e, 2, s]
Bound[H3, 0, 1, s] ;

2dz[s]

Bound [Wei ght edCl osedBubbl e, 3, s]
Bound[H3, 1, 1, s] ;

(2dz[s])?
(» to use the information that the unweighted path has at |east |ength
one we use Chauchy schwarz to obtainsx)
Bound[H3, 2, 0, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;
Bound [H3, 0, 2, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;

Bound [Wei ght edOpenBubbl e, 2, s]

Bound[H3, 1, 2, s]
2dz[o]

Bound [Wei ght edOpenBubbl e, 2, s
Bound[H3, 2, 1, s] [ g % !

2dz[o] ’

Bound [H3, 2, 2, s] = Bound[Wi ght edOpenBubbl e, 1, sJ;

Clear[a, b, t1;
L {s, {0, o1}

As explained in Section 4.5.6 we bound C120 and C22b in terms of other diagram. At this point we only implement the bound on C31:2b,
see (4.5.90)-(4.5.94). For a=2,b=2 we implement the bound as describes in (4.5.97). For other a,b we improve this bound using three
informations: 1.) By symmetrie we can we bound the contribution C32P in the same way as C322, 2) if aor b are 1 then we can use

symmetrie to create an extra If)(k) . 3.) the complete square consists of at least four steps to improve the bounds. Using these three points to
obtain the bounds:
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in329)= Do [

Bound [C3, 2, 2, s] = Bound[Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3
| 32 Bound [OpenRepSquare, 2, s1;
Bound[C3, 1, 2, s] = Bound [Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3

2 Bound [C osedRepSquare, 3, s] _
2dz[s] 7

Bound [C3, 2, 1, s] =Bound[C3, 1, 2, s];
Bound[C3, 1, 1, s] = Bound[Wi ght edOpenLi ne, 0, s] Bound[OpenRepTri angl e, 3, s]
Bound [Cl osedRepSquare, 3, s]

2dz[s]
Bound[C3, 0, 1, s] = Bound[Wei ght edOpenLi ne, 0, s] Bound[OpenRepTri angle, 2, s]
Bound [Cl osedRepSquare, 3, s]

’

2dz[s]
Bound[C3, 1, 0, s] =Bound[C3, O, 1, s];
Bound [C3, 0, 0, s] = Bound[Wi ght edOpenLi ne, 0, s] Bound[OpenRepTri angl e, 2, s]
Bound [Cl osedRepSquare, 2, s];
Bound[C3, 0, 2, s] = Bound [Wei ght edOpenLine, 0, s] (2dz[s])? Var Gamma2[s]3
| 32 Bound [0 osedRepSquare, 2, s];
Bound [C3, 2, 0, s] =Bound[C3, 0, 2, s];

L {s, {0, o]

Definition of diagrams specific for initial step iota

As next we bound the term defined in (4.5.28) and bound in (4.5.100)-(4.5.102). We improve the bound stated of the first diagram of Figure
4.29, by noting that y=0 is not possible, so that the unweighted lines has always at least 2 steps.

In[330]:= DO[
Bound [hi, partl, O, s] = Bound[Wi ght edCl osedBubbl e, 2, s7;

Bound [Wei ght edd osedBubbl e, 2, s]
Bound[hi, partl, 1, s] ;
2dz[s]

Bound [Wei ght edOpenBubbl e, 1, s1;

Bound [hi, partl, 2, s]
Do
Bound[hi, part2, b, s] =2d Bound[G3i, s] Bound[H2, O, b, s] +
4d Bound[&3i, s]
(Sum[Bound [P, a, s] Bound[H2, a, b, s], {a, O, 2}] - Bound[H2, O, b, s]) +
4 d Bound[G3i, s] Sum[ Bound[Hl, O, a, s] Bound[Ai, a, b, s1, {a, 0, 2}1;

Bound [Cl osedRepLoop, 4, s]
Bound [hi, part3, b, s] = Bound[H2, 1, b, s]+
2dz[s]

Bound [Cl osedRepBubbl e, 3, s]
2dz[s]
) Bound [Cl osedRepLoop, 4, s] Bound[Cl osedRepBubbl e, 3, s]
+
( 2dz[s] 2dz[s]
(Bound[Ai, 0, 0, s] Max[Bound[H2, 1, b, s], Bound[H2, 2, b, s]] +
Bound[H1, 0, 0, s] Max[Bound[Ai, 1, b, s], Bound[Ai, 2, b, s]]);

Bound[H2, 2, b, s] +

Bound[hi, b, s] = Sum[Bound[hi, t, b, s], {t, {partl, part2, part3}}]
. b, 0, 23];

L s, (i, 0}}]

Then we define the bound for hi''? defined in (4.5.29) and bounded in (4.5.99).
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inz31= Do [
Dol
Bound[hl I, b, s] =
Bound[hi, b, s] +
2 Sum[Bound[hi, a, s] Bound[Ai, a, b, s]+
Sum[Bound [Pi ota, a, s] Bound[Ai, a, ¢, s] Bound[H2, ¢, b, s], {c, 0, 2}],
{a, 0, 2}]
, {b, 0, 2}71;
, {s, {i, 0}}]

Definition of vectors and matrices

Then we define the matricies we use the compute/state the bounds. First we define the matricies for which we have already computed the
entries.

in3321:= Do [
Vector [P, s] = Tabl e[Bound [P, a, s], {a, {0, 1, 2}}1;
Vect or [PNT, s] = Vector [P, s] - {1, 0, 0};
Vector [Piota, s] = Tabl e[Bound[Piota, a, s], {a, {0, 1, 2}}1;

Vector [h, s] = Tabl e[Bound[H1, 0, b, s], {b, {0, 1, 2}}1;
Vector [hi, s] = Tabl e[Bound[hi, b, s], {b, {0, 1, 2}}1;
Vector [hl|, s] = Tabl e[Bound[hll, b, s], {b, {0, 1, 2}}1;

Matri X[A, s] = Tabl e[Bound[A, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri X [Ai, s] = Tabl e[Bound[Ai, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x [Abar, s] = Tabl e[Bound[Abar, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matrix[B2i, s] = Tabl e[Bound[B2i, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x [Bbar 2i, s] = Tabl e[Bound[Bbar2i, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}1;

Matri x[C3, s] = Tabl e[Bound[C3, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
Matrix[Hl, s] = Tabl e[Bound[Hl, a, b, s], {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
Matri x[H2, s] = Tabl e[Bound[H2, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}1;
Matri x[H3, s] = Tabl e[Bound[H3, a, b, s1, {a, {0, 1, 2}}, {b, {0, 1, 2}}71;
, {s, {i, 0}}]

Then we define the bound for B and B, see (4.5.21)-(4.5.22)

in3331:= Do [
Matrix[B, s] = Matrix[A, s].Matrix[A, s]+Mtrix[A, s] «Bound[P, 0, s] +
Matri x[B2i, s1;
Matri x[Bbar, s] = Matri x[Ai, s].Matrix[A, s]+Matrix[A, s]+Mtrix[Bbar2i, s];
, {s, {i, 0}}]
Cl ear [a, b]

Further, we define the bound on C! and C? as stated in (4.5.90) and (4.5.92)

inz35):= Do [
Matri x[Cl, s] =
(2Matrix[H2, s].Matrix[A, s]+2Matrix[Ai, s].Matrix[HL, s]+Matrix[H2, s]).
Matri x[A, s]+Matrix[H2, s]. Matrix[Bbar2i, s];
Matri x[C2, s] =
(2Matrix[H3, s].Matrix[A, s]+2Mtrix[A, s].Matrix[HL, s]+Matrix[H3, s]).
Matri x[Al, s]+2Matrix[C3, s] + Matrix[H3, s]. Matrix[Bbar2i, s];
, {s, {i, 0}}]
Cl ear [a, b]

We compute the eigensystem of the maticies B and B to sum the bounds as explained in Section 5.3.
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inz371:= Do [
Ei gensystenB[s] = Ei gensystem[Transpose[Matrix[B, s111;
Ei gensyst enBbar [s] = Ei gensystem[Matri x [Bbar, s]];
I nver seProduct B[s] = I nverse[Transpose[Ei gensystenB[s][[2]]]]. Vector [P, s];
I nver seProduct BFor Pl otaf[s] =
I nverse[Transpose [Ei gensystenB[s]1[[2]]]]. Vector [Piota, s];
I nver seProduct Bbar [s] = I nverse[Transpose [Ei gensyst enBbar [s][[2]]1]]. Vector [P, s1;

Do [
Ei genVectorB[j, s] = Ei gensystenB[s][[2, j]1] *InverseProductB[s][[]j11;
Ei genVectorBbar [j, s] = Ei gensystenBbar [s][[2, j 1] = | nverseProductBbar [s][[j1];
Ei genVectorBForPlotal[j, s] =
Ei gensystenB[s][[2, j1] = | nverseProductBForPlota[s][[j11;

Ei genVal ueBJ[j, s] = Ei gensystenB[s][[1, j11;
Ei genVal ueBbar [j, s] = Ei gensystenBbar [S][[1, j11;
Ei genVal ueBForPlota[j, s] = Ei gensystenB[s][[1, j11;

i 13
, {s, {i, 0}}]
Cl ear [a, b]

Bound on the coefficients

Bound for k=0

Then we implement the bounds stated in Lemma 4.5.1.-4.5.2 and Proposition 4.5.3. explixitely treat N=2,3 as they will also recieve special
attentention when we compute the bound on Z(0)-Z(k)

In[339]:= DO[
Bound[Xi, normal, 0, s] =Bound[P, 0, s]-1;
(» For the analysis we explicitly extract the contribution of &g x*)
Bound[Xi, iota, O, s] =Bound[G3i, s] Bound[P, 0, s];
Bound[Xi, normal, 1, s] = Vector [P, s]. Matrix[Abar, s]. Vector [P, s1;

1
Bound[Xi, iota, 1, s] =—dVector [Piota, s]. Matrix[Abar, s]. Vector [P, s];
2

Bound[Xi, normal, 2, s] =Vector [P, s].Matrix[B, s]. Matri x[Abar, s].Vector [P, s];
Bound[Xi, iota, 2, s] =

1
—dVeCtor [Piota, s]. Matrix[B, s].Matrix[Abar, s].Vector [P, s];
2

Bound[Xi, normal, 3, s] =Vector [P, s].Matrix[B, s].Matrix[B, s].
Matri x [Abar, s].Vector [P, s1;
Bound[Xi, iota, 3, s] =

1
—dVeCtor [Piota, s].Matrix[B, s].Matrix[B, s]. Matri x[Abar, s]. Vector [P, s];
2

L (s, (i, 0}}]

We compue the sum over all odd and even N=> 4



16 | Percolation_NoBLE_analysis1_impl.nb

In[340]:= DO[
Bound[Xi, normal, EvenTail, s] =
Ei genVal ueB[j, s]3
Sum[ Ei genVectorB[j, s]. Matrix[Abar, s]. Vector [P, s],
1 - Ei genVal ueB[j, s]?
4. {1 2, 31

Bound[Xi, normal, QddTail, s] =
Ei genVal ueB[j, s]*

Sum[ Ei genVectorB[j, s]. Matrix[Abar, s]. Vector [P, s],
1 - Ei genVal ueB[j, s]?
4. {1 2, 31
Bound[Xi, iota, EvenTail, s] =
1
2d
Ei genVal ueBFor Pl ota[j, s]3
Sum[

1 - Ei genVal ueBForPlotaf[j, s]?
Ei genVectorBForPlotaf[j, s]. Matri x[Abar, s]. Vector [P, s1, {j, {1, 2, 3}}];
Bound[Xi, iota, OddTail, s] =

1 Ei genVal ueBForPlota[j, s]*
— Sum

2d 1- Eigenval ueBForPlotalj, s]?

Ei genVectorBForPlotaf[j, s]. Matri x[Abar, s]. Vector [P, s1, {j, {1, 2, 3}}];
L s, (i, 0}}]
Then we compute the sum over all odd/even N

in3a1:= Do [
Dol
Bound[Xi, a, Even, s] = Sum[Bound[Xi, a, t, s], {t, {0, 2, EvenTail }}1;
Bound[Xi, a, Odd, s] = Sum[Bound[Xi, a, t, s], {t, {1, 3, (ddTail }}7;
Bound[Xi, a, Absolut, s] =Sum[Bound[Xi, a, t, s], {t, {Qdd, Even}}];
(*Print [Bound[Xi,a, Absolut, s]];%*)
, {a, {normal, iota}}]
, {s, {i, 0}}]

Bound for 0 - k

Bounds for £(0)-E(k)
First we compute the terms for N=0,1,2,3 and extract therefore the contributions with trivial first and last triangle
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In[342]:=
Do [
Bound [Xi, nornal, O, Delta, 0, s]
Bound[Xi, normal, 1, Delta, 0, s] =
Bound[H2, 0, O, s] +4 Sum[Bound[H3, O, b, s] Bound[Ai, O, b, s1, {b, 0, 2}] +
6 Vector [h, s]. Matrix[Ai, s].Vector [PNT, s] +
3 Vector [PNT, s]. Matrix[H2, s]. Vector [PNT, sJ;
(xfor this bound we use the spatial symetrie of the diagrans,
when one triangle it trivial to reduce the factor 8 stated in (4.5.47)
to 4 (sinis terns cancel, so we can split the cosin w thout creating
the factor 2)=x)
Bound[Xi, normal, 2, Delta, 0, s] =
4 (Vector [h, s].Matrix[Bbar, s]. Matri x[Ai, s].Vector [PNT, s] +
Vect or [PNT, s]. Matri x[B, s].
(Matri x[H3, s].Vector [PNT, s] +Matrix[Ai, s].Vector [h, s]) +
Vector [PNT, s]. Matri x[Cl, s].Vector [PNT, s]) +
6 (Vector [h, s]. Matrix[Bbar, s]. Matrix[Ai, s].{1, 0, 0} +
Vect or [PNT, s]. Matrix[B, s]. Matrix[H2, s]. {1, O, O} +
Vector [PNT, s]. Matrix[Cl, s]. {1, 0, 0}) +
2 ({1, 0, Oy. Matrix[B, s]. Matrix[H2, s]. {1, O, O} +
{1, 0, O}y. Matrix[Cl, s]. {1, 0, 0});
Bound [Xi, normal, 3, Delta, 0, s] =
5 (Vector [h, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. Matri x[Ai, s]. Vector [PNT, s] +
Vector [PNT, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H2, s].Vector [PNT, s] +Matrix[Ai, s].Vector [h, s]) +
Vect or [PNT, s]. (Matrix[Cl, s].Matrix[Bbar, s]+ Matrix[B, s].Matrix[C2, s]).
Vect or [PNT, s]) +

Bound [Wei ght eddl osedBubbl e, 0, s];

4
({1, 0, O}. Matrix[B, s].Matrix[B, s].
(Matrix[H2, s].Vector [PNT, s] + Matrix[Ai, s].Vector [h, s]) +
{1, 0, O}. (Matrix[Cl, s]. Matrix[Bbar, s]+Matrix[B, s].Matrix[C2, s]).
Vect or [PNT, s]) +
4 (Vector [h, s].Matrix[Bbar, s]. Matri x[Bbar, s]. Matrix[Ai, s]. {1, 0, 0} +
Vector [PNT, s]. Matrix[B, s]. Matrix[B, s]. (Matrix[H2, s]. {1, O, 0}) +
Vector [PNT, s]. (Matrix[Cl, s].Matrix[Bbar, s]+ Matrix[B, s]. Matrix[C2, s]).
{1, 0, 0}) +
3 ({1, 0, O}. Matrix[B, s].Matrix[B, s].Matrix[H2, s]. {1, O, 0} +
{1, 0, 0}. (Matrix[Cl, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[C2, s]).
{1, 0, 0});
, {s, {i, 0}}]

Then we compute the sum over the remaining N

in343)= Do [

Do [

v[j ] = Ei genVectorB[j, s];

vb[j ] = Ei genVect orBbar [j, s1;

e[j ] = Ei genVal ueB[j, sI;

eb[j ] = Ei genVal ueBbar [j, sI;

A {12, 331D
Bound [Xi, normal, EvenTail, Delta, O, s] =

2 4
Vector [h, s]. MatrixI[Ai, s].Sum[vb[j]*eb[j]3 * - ’
(1-ebfj1?)® (1-ebfj1?)
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2 4
4. (1 2, 3] +sumferj 1° ( o ioen 7 sV 1 G, (L2, 3))]
1-efj] -el]

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +

1
ZSum[v[j]—, G, 1, 2, 3}}].l\/htrix[C1, s].
l—e[]

]2

sum[vbyj ] i (L2831

(1-ebfj1?)?
1

2 Sum[v [j1] —
(L-er[j1?)

C {1 2, 3}}].Matrix[C1, s].

Sum[vb[j] , . {1, 2, 3}}] -4 Vector [P, s]. Matrix[Cl, s].Vector [P, s] +

1-ebpj1?
. efj ] ) .
ZSum[v[j]—, {, {1, 2, 3}}].I\/Btr|x[02, s].
1-ef[j]?
) ) 1 1 .
Sum[vb[J]eb[J] S+ — | U & 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)

efj]

2 Sum[v [j1] .
(1-ef[j1?)

C 4L, 2, 3}}].I\/Btrix[Cl, s].

Sum[vb[] 1 Eb[J] ’ {Jv {17 2, 3}]’]1

(1-eb[j1?)

Bound [Xi, nornmal, OddTail, Delta, O, s] =

2 5
Vector [h, s].Matrix[Ai, s].Sum[vb[j]*eb[j]4 + - :
(1-eb[j12)® (1-eb[j1?)
. . 4 2 5 . .
4. (1 2 3}}]+Sum[e[j] ~ —|*vil 4, 12 3}}]-
(L-eri1?)® (1-ed1?)
(Matrix[H3, s].Vector [P, s] +Matrix[Ai, s].Vector [h, s]) +
. 2 .
Sum[v[j]—_z, ., 11, 2, 3}}]-
(1-eri1?)
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).
1
Sum[vb[j]—_, . {1, 2 3}}] +
1-ebfj1?
. l .
Sum[v[j]+2, i, 11, 2, 3}}]-
(1-er0j1?)
(Matri x[C2, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[Cl, s]).
. 2 l .
Sum[vb[j] » {11, 2, 3}}] +

+
(1-eb[j12)? 1-eb[j]?
5Vector [P, s]. (Matrix[C2, s]. Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).

Vector [P, s];

L {s, (i, o]

Al Al
Boundsfor Y; E (0)-2 (k)
First we compute the terms for N=0,1,2,3 and therefore extract the contributions with trivial first and last triangle
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In[344]:=
Do
Bound[Xi, iota, O, Delta, ei, s] =
2d (2d-1) z[s] Bound [G3i, s]?+
(2d-1) Bound[G3i, s] Bound[Wi ght edCl osedBubbl e, 2, s1;
Bound[Xi, iota, O, Delta, 0, s] =
Bound[Xi, iota, O, Delta, ei, s]+2dBound[Xi, iota, O, s];
(*» we can use symetrie to cancel the sin terns an obtain this boundx)
Bound[Xi, iota, 1, Delta, ei, s] =
Bound[hi, 0, s] +Vector [hi, s]. Vector [PNT, s] +
Vector [Piota, s]. Matri x[Ai, s]. Vector [h, s];
Bound[Xi, iota, 1, Delta, 0, s] =
Bound[Xi, iota, 1, Delta, ei, s]+2dBound[Xi, iota, 1, s];
Bound[Xi, iota, 2, Delta, ei, s] =
2 (Vector [hll, s]. Matrix[Bbar, s]. {1, 0, O} +
Vector [Piota, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
3 (Vector [hll, s].Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s]));
Bound[Xi, iota, 2, Delta, 0, s] =
3 (Vector [hll, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
4 (Vector [hll, s]. Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
3 Vector [Piota, s]. Matrix[B, s]. Matrix[Abar, s]. {1, 0, 0} +
4 Vector [Piota, s]. Matrix[B, s]. Matri x[Abar, s]. Vector [PNT, s];
Bound[Xi, iota, 3, Delta, ei, s] =
3 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s].Matrix[B, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
3 Vector [Piota, s]. Matrix[B, s]. Matrix[C2, s]. {1, O, O} +
4 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
4 Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [PNT, s];
Bound[Xi, iota, 3, Delta, 0, s] =
4 (Vector [hll, s]. Matrix[Bbar, s]. Matrix[Bbar, s]. {1, 0, 0} +
Vector [Piota, s].Matrix[B, s]. Matrix[B, s]. Matrix[H3, s]. {1, 0, 0}) +
4 Vector [Piota, s]. Matrix[B, s]. Matrix[C2, s]. {1, O, O} +
4 Vector [Piota, s]. Matri x[B, s]. Matrix[B, s]. Matri x[Abar, s]. {1, 0, 0} +
5 (Vector [hlIl, s]. Matrix[Bbar, s]. Matrix[Bbar, s].Vector [PNT, s] +
Vector [Piota, s]. Matrix[B, s]. Matrix[B, s].
(Matrix[H3, s].Vector [PNT, s]+Matrix[Ai, s].Vector [h, s])) +
5Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [PNT, s] +
5Vector [Piota, s]. Matrix[B, s].Matrix[B, s]. Matri x[Abar, s]. Vector [PNT, sJ;
. {s, {i, 0}}]
In[345]:= Do[
Do [

V[j] = EigenVectorBForPlotal[j, s1;
vb[j ] = Ei genVectorBbar [j, s];
e[j ] = Ei genVval ueBForPlotaf[j, sI;



20 | Percolation_NoBLE_analysis1_impl.nb

eb[j ] = Ei genVal ueBbar [j, s1;
o s (1,2, 33
Bound[Xi, iota, EvenTail, Delta, 0, s] =

+

2 3
Vect or [hl 1, s].Sum[vb[j]*eb[j]3 . — | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)

2 3
+

«VI 1, 4. {1 2 33
(1-erj12)? (1-e[112)] ]

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +
2e[j]

(1-e[j1?)?
(Matrix[C2, s].Matrix[Bbar, s]+Mtrix[B, s]. Matrix[Cl, s]).
Sum[vb[j]

Sum[e[j 13

sum|vj 1 UL (L 2, 31

- . {J! {l! 21 3}}]+
1-eb[j1?
efj1l
(1-e[j1?)°
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[Cl, s]).
. 2 l .
Sum[vb[j] S+ — | U, 1.2 3}}];
(1-eb[j1%)° 1-eblj]
Bound[Xi, iota, EvenTail, Delta, ei, s]

Sum[v[j] Al {1, 2, 3}}]-

+

2 4
Vector [hl 1, s].Sum[vb[j]*eb[j]3 . — | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)

- 2 4 - .
Sum[e[j]3 S+ — |+l 4. {12 3}}].
(1-eri1?)® (1-e01?)

(Matrix[H3, s].Vector [P, s]+Mtrix[Ai, s].Vector [h, s]) +

. 2elj] .
Sum[v[j] . > {, {1, 2, 3}}].
(1-ef[j1?)
(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s]. Matrix[Cl, s]).
Sum[vb[j]—_, . {1 2 3}}] +
1-eb[j]?
ori
Sum[v[j] bl

————. {0, {1, 2 33}
(1-e[j1?)°

(Matrix[C2, s].Matrix[Bbar, s]+Matrix[B, s].Matrix[CLl, s]).

2 2
Sum[vb[j] + » A {1, 2, 3}}] +
(1-ebfj1?)? 1-eb[j]?
. 3 2 4 . . . .
Sum[e[j] ( 2)2 + (1 [_]2) *V[1, {, {1, 2 3}}].I\/Btr|x[A|, s].
l-eJj] -el

Vector [P, s1;

Bound[Xi, iota, OddTail, Delta, 0, s] =

+

2 4
Vector [hi 1, s].Sum[vb[j]*eb[j]“ - — | 4. (L 2, 3}}]+
(1-eb[j1%)® (1-eb[j]1?)
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. 2 4 . .
Sum[e[j]4 S+ — o[ *vil {1, 2, 3}}]-
(L-eri1?)® (L-e0l?)

(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +

. 2efj1 , )
Sum[v[j]—z, {, {1, 2, 3}}].Matr|x[C2, s].
(1-eli1?)
Sum[vb[j]+, G, 1, 2 3}}] +
1-ebyfj]?
) efj] _ .
Sum[v[j]—, {, {1, 2, 3}}].I\/Btr|x[02, s].
1-e[jl1?
Sun{vb[j] - 4 1L 2, 3}}] -
(1-eb[j1?)
4 Vector [Piota, s]. Matrix[B, s]. Matri x[C2, s]. Vector [P, s] +
2e[j1?
%mPU]——————ijv{L ZS}”.WNixWLSL
(L-er[j1?)
. 1 .
Sum[vb[j]—_, G, {1, 2, 3}}] +
1-eb[j1?
2e[j1?
wmhn]—————,u,{L ZS}”.WNixWLSL
1-ef[j1?

2 2
+ .
(1-ebfj1?)? 1-eb[j]?
Bound[Xi, iota, OddTail, Delta, ei, s] =

Sumvb{j ] [ ] 0. (1 2 3n];

2 5
Vector [hl I, s].Sum[vb[j]*eb[j]4 S+ —= | 4, {1, 2, 3}}]+
(1-ebfj12)® (1-ebfj1?)
. 4 2 5 . .
Sum[e[j] S+ —-|*vil 4. {1 2 3}}]-
(1-eri1?)® (1-e0l?)
(Matrix[H3, s].Vector [P, s] +Matrix[A, s].Vector [h, s]) +
_ 2elj] . .
Sum[v[j] . > {, {1, 2, 3}}].I\/Btr|x[02, s].
(1-erj1?)
. 1 .
Sum[vb[j]—_, ., {1, 2 3}}] +
1-eb[j]?
. efj1l ) .
Sum[v[j]—, {, {1, 2, 3}}].Matr|x[C2, s].
1-ef[j1?
. 2 .
Sum[vb[j]—z, i, {1, 2 3}}] +
(1-ebpj1?)
_ 2e[j1? . :
Sum[v[j] . > {, {1, 2, 3}}].I\/Btr|x[C1, s].
(1-eri1?)
sum[vb(j ] ————, i, {1, 2, 3}}] +
1-ebfj1?
_ efj1? .
Sum[v[j] > {, {1, 2, 3}}].I\/Btr|x[C1, s].

1-efj]
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2 3

Sum[vb[j] + - Al {1, 2, 3}}] +
(1-ebfj1?)? 1-eb[j]?

2 5
Sum[e[j]3 + . VI G, (1, 2 3}}].Nhtrix[Ai, s].
(1-e[j1%)® (1-elil?)

Vector [P, s];

L {s, (i, o]
For Sum over all N
inz461:= Do [

Do [

Bound[Xi, a, Even, Delta, 0, s] =
Sum[Bound[Xi, a, t, Delta, 0, s], {t, {0, 2, EvenTail }}7;
Bound[Xi, a, Odd, Delta, 0, s] =

Sum[Bound [Xi, a, t, Delta, 0, s], {t, {1, 3, OddTail }}71;
Bound[Xi, a, Absolut, Delta, 0, s] =

Sum[Bound[Xi, a, t, Delta, 0, s], {t, {Qdd, Even}}];

, {a, {normal, iota}}l;

Bound[Xi, iota, Even, Delta, ei, s] =
Sum[Bound[Xi, iota, t, Delta, ei, s], {t,
Bound[Xi, iota, Odd, Delta, ei, s] =
Sum[Bound[Xi, iota, t, Delta, ei, s], {t, {1, 3, ddTail }}];
Bound[Xi, iota, Absolut, Delta, ei, s] =

Sum[Bound[Xi, iota, t, Delta, ei, s], {t, {Qdd, Even}}];

. {s, {i, 0}}]

{0, 2, EvenTail }}1;

Computation of constants of Proposition 3.3.1
In this section we perform the computations of Section 3.4. to obtain the constances stated in Proposition 3.3.1:
Z“X [F( | = Kg =Bound[KF]
Bound[KPhi, 1] = K; < ®(0) = K¢ = Bound[KPhi, 2]
Bound[KPhiabs, 1] = Ky < Zx | D(x) | < Kjs) = Bound[KPhiabs, 2] ()
Z‘#O | ®(¥) | = Kjg = Bound[KPhiWithoutZero]

Z“X F[L - costk )] = Kiower| 1~ D(K]
ZX | FOO | [1- coskx)] = Kar[1 - DK)] @)
D | @200 |11 - costk ] = Kaa[1- D]
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Bound on absolute value Kg and Kg

in3471= Do [

al pha[s] =z[s]rho[s];
baral pha[s] = z[S];

2
Bound [KPsi, s] =rho[s] + Bound [Xi, normal, Absol ut, sJ;

Bound [KF, s] =
(2dbaral pha[s]) / (1 -al pha[s] - (2d-2) al pha[s] Bound[Xi, iota, Absolut, s])
Bound [KPsi, s];
Bound [KPhi up, s] =1+ Bound[Xi, normal, Even, s] +
Bound [Xi, iota, Absolut, s] Bound[KF, s1;
Bound [KPhi down, s] =1 -Bound[Xi, nornal, Odd, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi absup, s] =1+ Bound[Xi, normal, Absolut, s] +
Bound [Xi, iota, Absol ut, s] Bound[KF, s1;
Bound [KPhi absdown, s] = 1 -Bound[Xi, normal, Absolut, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi W t hout Zero, s] =
Bound[Xi, normal, Absolut, s] +Bound[Xi, iota, Absol ut, s] Bound[KF, s];

L s, (i, 0}}]

Bounds on differences
As next we implement the computation of Section 3.4.3. First the differences of Fyand &4, lines (3.4.26), (3.4.27), (3.4.29)

In[348]:= DO[
Bound [Di f ferencef F, Partl, Lower, s] =
2dbaral pha[i] 2dbaral pha[s]
Mn[ : , ]
1 -al phali ]2 1 - al pha[s]?
(rho[Lower, s] -Bound[Xi, nornal, Odd, Delta, 0, s] -Bound[Xi, nornmal, Qdd, s] -
al pha[o] Bound [Xi, normal, Even, Delta, 0, s]);
Bound [Di f ferencef F, Partl, Absolut, s] =
Max[Zd bar al phé[l ] | 2d baral pha[s] ]
1 -al phafi ]2 1 - al pha[s]?
(rho[s] + (1 +al pha[s]) Bound[Xi, normal, Absolut, Delta, 0, s] +
Bound [Xi, normal, Absolut, s]);
Bound [KDel t aPhi, Partl, s] =

Bound[Xi, normal, Absolut, Delta, 0, s]+
bar al pha[s]

1 - al pha[s]?
(2d Bound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absolut, s]+
(1 +Bound[Xi, norrmal, Absolut, s]) Bound[Xi, iota, Absolut, Delta, ei, s]+
2dal pha[s] Bound[Xi, normal, Absolut, Delta, 0, s]Bound[Xi, iota, Absolut, s] +
al pha[s] (1 +Bound[Xi, nornmal, Absolut, s])
Bound[Xi, iota, Absolut, Delta, 0, s]);

L {s, (i, o]

Then the differences of F,and ®,: For the bound in (3.4.30), (3.4.32) and (3.4.35)



24 | Percolation_NoBLE_analysis1_impl.nb

In[349]:= DO[
Bound [Di fferencef F, Part2, Lower, s] =
(2 d baral pha[s])?

1 - al pha[s]?
(Bound[Xi, nornal, Odd, Delta, O, s] Bound[Xi, iota, Odd, s] +
Bound[Xi, normal, Even, Delta, 0, s] Bound[Xi, iota, Even, s])

2 d bar al pha[s]? 2d-2
- (rho[s]+
1 - al pha[s]?

(Bound[xi, iota, Even, Delta, ei, s] +2dBound[Xi, iota, Even, s] +
al pha[s]ZBound[Xi, iota, Even, Delta, 0, s] +
al pha[s] (Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Odd, Delta, 0, s] +
2dBound[Xi, iota, Odd, s1)) -
2 d bar al pha[s]? [Zd—z

Bound [Xi, nornal, Even, s]]

. Bound [Xi, normal, Odd, s]]
1-al pha[s]

(Bound[Xi, iota, Odd, Delta, ei, s]+2dBound[Xi, iota, Odd, s] +
al pha[s]2Bound[Xi, iota, Odd, Delta, 0, s]+
al pha[s] (Bound[Xi, iota, Even, Delta, ei, s] +
Bound[Xi, iota, Even, Delta, 0, s]+2dBound[Xi, iota, Even, s]));
Bound [Di f ferencef F, Part2, Absolut, s] =
(2 d baral pha[s])?

Bound [Xi, normal, Absolut, Delta, 0, s]
1 - al pha[s]?

Bound [Xi, iota, Absolut, s]

2 d baral pha[s]? 2d-2
rho[s] +

+ Bound [Xi, normal, Absolut, s]
(1-alpha[s]?) (1+al pha[s])
(Bound[Xi, iota, Absolut, Delta, ei, s]+2dBound[Xi, iota, Absolut, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);
Bound [KDel t aPhi, Part2, s] =

2 d baral pha[s]?

(1 -al pha[s]?)
2dBound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absol ut, s]2+

2 (1 +Bound[Xi, nornmal, Absolut, s])
Bound [Xi, iota, Absolut, s]

1 +al pha[s]
(Bound[Xi, iota, Absolut, Delta, ei, s]+

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s])|;

L (s, (i, 0}}]

Finally, we compute the differences of Fzand @3, lines (4.4.37) and (4.4.38)



Percolation_NoBLE_analysis1_impl.nb | 25

In[350]:= DO[
1
t = ;
" 2dal pha[s] Bound[Xi,iota, Absol ut, s]
- 1-al pha[s]

Bound [Di f ferencef F, Part3, Absolut, s] =

) 2d baral pha[s]
Bound[Xi, normal, Absolut, Delta, 0, s]

(1-al pha[s])?®
(2dal pha[s] Bound[Xi, iota, Absolut, s])2tnp+
bar al pha[s] (2 dal pha[s])?

(1 +Bound[Xi, normal, Absolut, s])
(1-alpha[s])? (1-al pha[s]?)

Bound [Xi , i ota, Absolut, s]tnp?
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]) +

bar al pha[s] (2d al pha[s])?

(1 +Bound[Xi, normal, Absolut, s])
(1-alpha[s])? (1-al pha[s]?)
Bound[Xi, iota, Absolut, s]tnp
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]+
2dBound[Xi, iota, Absolut, s]);

Bound [Di f ferencef F, Part3, Lower, s] = -Bound[Di fferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, Part3, s] =

2d baral pha[s] Bound[Xi, iota, Absolut, s]

Bound [Xi, normal, Absolut, Delta, 0, s]
(1 -al pha[s])?®

(2dal pha[s] Bound[Xi, iota, Absolut, s])?tnp +
(1 +Bound[Xi, normal, Absolut, s])
(baral pha[s] (2d al pha[s] Bound[Xi, iota, Absolut, s])?)/
((1-alpha[s])? (1-al pha[s]?)) (tnp®+tnp)

1
—— (Bound [Xi, iota, Absolut, Delta, ei, s] +
1 +al pha[s]

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);

Bound [KDel t aFLower, s] =
1/ (Bound[Di fferencefF, Partl1l, Lower, s] +Bound[DifferencefF, Part2, Lower, s] +
Bound [Di f ferencef F, Part3, Lower, s]);
Bound [KDel t aF, s] = Bound[Di fferencefF, Partl, Absolut, s] +
Bound [Di f ferencef F, Part2, Absolut, s] +Bound[DifferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, s] = Bound [KDel t aPhi, Partl1, s] + Bound[KDeltaPhi, Part2, s] +
Bound [KDel t aPhi, Part3, s];
Cl ear [tnp];

L {s, {0, o1}

Check of the sufficient condition
Now we can compute whether P(y,I",2) is satisfied, see Definition 3.3.2.
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In[351]:= DO[
1+ % Gamrael Bound[Xi, iota, Even, s]
NoBLEBoundF1[s] = = :
rho[s] —% Bound [Xi, nornmal, Odd, s]
2d-2
NoBLEBoundF2[s] = p Bound [KPhi absup, s] Bound[KDel t aFLower, s1;
2d-1
s, {0, o}}]

and we compute for f3

In[352]:= DO[

1
—— Bound [KDel t aFLower, s] Bound [KDel t aPhi, s7;
2cl

NoBLEBoundF3[Part 1, s]

1
—— Bound [KPhi absup, s] Bound [KDel t aF, s]
2c2

Bound [KDel t aFLower, s1?;
NoBLEBoundF3[Part3, s] =

) Bound [KDel t aFLower, s]?
c3

4/ (Bound [KDel t aF, s] Bound [KDel t aPhi, s] Bound[KPhi Wt hout Zer o, s] Bound[KF, s]);
NoBLEBoundF3[Part4, s] =

) Bound [KDel t aFLower, s]2

NoBLEBoundF3[Part 2, s]

c4
(2 Bound [KPhi absup, s] Bound[KDel t aF, s]2 Bound [KDel t aFLower, s] +
4/ (Bound [KDel t aF, s] Bound [KDel t aPhi, s] Bound [KPhi Wt hout Zero, s]
Bound [KF, s1));
NoBLEBoundF3[s] = Max [NoBLEBoundF3[Part1, s], NoBLEBoundF3[Part2, s],
NoBLEBoundF3[Part 3, s], NoBLEBoundF3[Part4, s]7;

L s, (i, 0}}]
Wefinaly check

inz531= Do [
Succes[f1l, s] = NoBLEBoundF1[s] < Ganmal;
Succes [f2, s] = NoBLEBoundF2[s] < Gamma2;
Succes [f3, s] = NoBLEBoundF3[s] < Gammes3;
Succes[s] = Succes[f1l, s] & Succes[f2, s] & Succes|[f3, s];
, {s, {i, 0}}]
Succes[overal | ] = Succes[i ] & Succes[0];

Result

Theoverall result
The statement that the bootstrap was succesful is

ns5)= Succes [overal | ]

out[3s5]= True

If this succedes than the analysis of Section 3.3 can be used to proved mean-field behavoior for Percolation.
Assuming the bootstrap was succesful we prove the following bounds: The infrared bound in (3.3.12) and (3.3.13) hold with



2d-2

2d-1
Max [Bound [KDel t aFLower, 0], 1]

(» Nominator in (4.3.13) =*)

Game2 (» > G (k) [1-D(k) ] #)

In[356]:=

ouzsel= 1. 01009
ouzs71= 1. 03546

Further, we have proven that g, z; is smaller than

1
2d-1
ou3s8)= 0. 0135368

Ganmal

In[358]:=
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Theimprovement of bounds

n3sol= bubbl es = {Graphi cs[{G een, Disk[{0, 0}, 0.8]1}, I mageSi ze -> 30],

Graphi cs[{Red, Disk[{O0, 0}, 0.8]}, | mageSi ze -> 40]};

t abl ed assi cCheck =

{{Bounds, Init -f., Init -f,, Initl-f3, Init2-fz, Init3-f3, Initd-fs,
fi, T2, f31, f32, f33, f3s}, {Gamm, Ganmal, Gamm2, Gamma3, Gama3,

Gamma3d, Gamma3, Ganmal, Gamma2, Gamma3, Gamma3, Gamma3, Ganma3 },

{Bounds, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF3[Part1, i7],
NoBLEBoundF3[Part?2, i 1, NoBLEBoundF3[Part3, i ], NoBLEBoundF3[Part4, i],
NoBLEBoundF1[0], NoBLEBoundF2[0], NoBLEBoundF3[Part1, o],
NoBLEBoundF3[Part 2, o], NoBLEBoundF3[Part3, o], NoBLEBoundF3[Part4, o] },
{ check,

I f [NoBLEBoundF1[i ] < Ganmal, bubbl es[[1]], bubbles[[2]]],

| f [NoBLEBoundF2[i ] < Gamma2, bubbl es[[1]], bubbles[[2]]],

| f [NoBLEBoundF3[Part 1, i ] < Garmm3, bubbl es[[1]], bubbles[[2]]],
I f [NoBLEBoundF3[Part2, i ] < Ganma3, bubbles[[1]], bubbles[[2]]],
I f [NoBLEBoundF3[Part3, i ] < Gamma3, bubbles[[1]], bubbles[[2]]],
| f [NoBLEBoundF3[Part4, i ] < Garmm3, bubbl es[[1]], bubbles[[2]]],
| f [NoBLEBoundF1[0] < Gammal, bubbl es[[1]], bubbles[[2]]],

I f [NoBLEBoundF2[0] < Ganma2, bubbl es[[1]], bubbles[[2]]],

I f [NoBLEBoundF3[Part1, o] < Ganmma3, bubbles[[1]], bubbles[[2]]],
| f [NoBLEBoundF3[Part2, o] < Garmm3, bubbl es[[1]], bubbles[[2]]],
| f [NoBLEBoundF3[Part 3, o] < Garmm3, bubbl es[[1]], bubbles[[2]]],
I f [NoBLEBoundF3[Part4, o] < Ganmma3, bubbles[[1]], bubbles[[2]1], },

{Requi red, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF3[Part1, i] / Ganma3,
NoBLEBoundF3[Part 2, i ] / Gamma3, NoBLEBoundF3[Part3, i ] *c3/ Ganma3,
NoBLEBoundF3[Part 4, i ] xc4 / Gamma3, NoBLEBoundF1[0], NoBLEBoundF2[o],
NoBLEBoundF3[Part1, o] *cl/ Ganma3, NoBLEBoundF3[Part2, o] %c2/ Ganma3,
NoBLEBoundF3[Part 3, o] *c3 / Ganma3, NoBLEBoundF3[Part4, o] *c4 / Ganmma3}};

Label ed[Gi d[tabl ed assi cCheck, Alignment -» {Center}, Frane -» True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 »>Bold, 1 - Bold},
Background -» {Automatic, Automatic, {{2, 2}, {2, 15}} -» GrayLevel [0.7]}1,
Style["Result for Dinension " Text [d], Bold], Top] // Text

Result for Dimension 38

Boun™ | Init—= Init— Initl [Init2 Init3 Init4 f1 o
ds fl f2 - - - -

f3 fs f3 f3

Gam™. |1.015- 1.023-. 12 12 12 12 1015. 1.023. 1.2 12 12 12
ma 26 74 26 74

Boun™ | 1.015-. 1.001- 0.406-. 0.872-. 0.559-. 0.648- 1.015- 1.023- 1.199- 1.199- 1.199- 1.2
ds 13 43 327 91 433 425 26 74 97 97 99

far fa2 fa3 fa4

out[361]=
check

Requ- | 1.015- 1.001- 0.338- 0.727-. 0.034- 4.931- 1.015- 1.023- 0.225. 0.699- 0.074-. 9.125-
ire. 13 43 606 425 599~ 01 26 74 594 383 215-. 51

Semi-automate proceedure to find appropiate value for the constants I'jand ¢;.

Initially we guess a good value for the constant and make afirst computation. Then we deactivate there initia definition in the top of the
document and use the code below. We recompile the document a number of times and hope that the algorithm below converges to a fixed
point.
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(»d=38;
{d, Gammal, Ganma2, Ganma3, c1, c2, c3, c4}
Gammal=NoBLGanmmal=NoBLEBoundF1[o]+0. 000001;
Gamra2=NoBLEBoundF2[0]+0. 000001;
c1=NoBLEBoundF3[Part 1, o]*cl/Gamua3+0. 00001;
c2=NoBLEBoundF3[Part 2, 0]*c2/Gamma3+0. 00001;
c3=NoBLEBoundF3[Part 3, 0] *c3/Gamua3+0. 00001;
c4=NoBLEBoundF3[Part 4, o]*c4/Gammua3+0. 0001;
{d, Gaemmal, Garma2, Garma3, c1, c2, c3, c4}*)
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Print out of the computed boundsin the coefficients

In[371]:= DO[

Met hodeFourTabIe[s] - {{QJantity, EZero] Eme’ ETWO’ EThree’ EEvenTaiI’ EOddTail}’
{Text [Bound for &], Bound[Xi, normal, 0, s], Bound[Xi, normal, 1, s],
Bound[Xi, normal, 2, s], Bound[Xi, normal, 3, s], Bound[Xi, normal, EvenTail, s],
Bound [Xi , normel, OddTail, s]},

{Text [Bound f or é"], Bound [Xi, iota, 0, s], Bound[Xi, iota, 1, s],

Bound[Xi, iota, 2, s], Bound[Xi, iota, 3, s], Bound[Xi, iota, EvenTail, s],
Bound[Xi, iota, OddTail, s]},

{Text [é (1-cos (kx))], Bound[Xi, normal, 0, Delta, 0, s],

Bound [Xi, norrmal, 1, Delta, 0, s], Bound[Xi, normal, 2, Delta, O, s],
Bound[Xi, normal, 3, Delta, 0, s], Bound[Xi, normal, EvenTail, Delta, O, s],
Bound [Xi, normal, CddTail, Delta, O, s]},

{Text [ &* (1 -cos (kx))], Bound[Xi, iota, O, Delta, O, s],

Bound[Xi, iota, 1, Delta, O, s], Bound[Xi, iota, 2, Delta, 0, s],

Bound[Xi, iota, 3, Delta, O, s], Bound[Xi, iota, EvenTail, Delta, 0, s],
Bound[Xi, iota, OddTail, Delta, 0, s},

{Text [ (1 -cos (k (x-€.)))], Bound[Xi, iota, O, Delta, ei, s],

Bound[Xi, iota, 1, Delta, ei, s], Bound[Xi, iota, 2, Delta, ei, s],
Bound[Xi, iota, 3, Delta, ei, s], Bound[Xi, iota, EvenTail, Delta, ei, s],
Bound[Xi, iota, OddTail, Delta, ei, s]}};

. {s, {i, 0}}]

Met hodeFour Tabl ePart 1 = {{Quantity, KF, KPhi, DELTAFLower, DELTAFAbsol ut, DELTAPhi },
{Bound for , Bound[KF, o], Bound[KPhi up, o], Bound[KDel t aFLower, o],
Bound [KDel t aF, o], Bound[KDel taPhi, 0]}};
Met hodeFour Tabl ePart 2 =
{{Quantity, DELTAFLower, 2, 3, DELTAFAbsol ut, 2, 3, DELTAPhi, 2, 3},
{Bound for , Bound[Di fferencefF, Partl, Lower, o],
Bound [Di fferencef F, Part2, Lower, o], Bound[DifferencefF, Part3, Lower, o],
Bound [Di fferencef F, Part1, Absol ut, o], Bound[Di fferencefF, Part2, Absolut, o],
Bound [Di f f erencef F, Part3, Absol ut, o], Bound[KDel taPhi, Part1, o],
Bound [KDel t aPhi, Part2, o], Bound[KDel taPhi, Part3, 0]}};

Label ed[Gri d [Met hodeFour Tabl e[i ], Alignnent - {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background » {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients at z,in D nmension " Text [d], Bol d], Top] // Text
Label ed[Gri d [Met hodeFour Tabl e[o], Alignnent - {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle - {1 »>Bold, 1 - Bold},
Background » {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients in Dinmension " Text [d], Bold], Top] // Text

Label ed[Gri d [Met hodeFour Tabl ePart1, Alignment -» {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.3.1 in Dinension " Text [d], Bol d],
Top] // Text

Label ed[Gri d [Met hodeFour Tabl ePart 2, Alignment -» {Center}, Frame - True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenStyle » {1 »Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.3.1 in Dinmension " Text [d], Bol d],
Top] // Text
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Bound on coefficients at z in Dimension 38

Quantity EZero EOne ETwo EThree EEvenTaiI EOddTaiI
Bound for 2 0.00041992  0.00122413 0.0000147095 1.06125x10°7 8.49607x 10710 6.63532x 10712
Boundfor & 0.000190877 0.0000228947 2.36926x 1077 1.75471x107° 1.3958x101 1.0917x10°13
OB (1 - coskwE | 000174721 000434495 0170197  0.00161496 00000379002  0.00248981
(1 - coskx) E 0.0145317 0.0128212 0.0374024  0.000440648 0.0000150137  0.000021449
2 (1 - cosk 0.0000250022  0.0110812 0.0249137 0.00033018  0.0000180227  0.000162039
x-€))
Bound on coefficientsin Dimension 38
Quantity =Zero =One =Two =Three =EvenTail =OddTail
Bound for & 0.00044864  0.0013487  0.0000180453 1.44312x10°7 1.28054x107° 1.10869x 107
Bound for & 0.00020033 0.0000254733 2.92344x10°7 2.40101x107° 2.11678x1071! 1.8354x10° 13
UETE (1 _coskgd | 000274677  0.0107585 0494344 000521691  0.000135368  0.00808369
(1 - coskx) = 0.0152663 0.032988 0.110892 0.00145826  0.0000543616 0.0000772693
=t (1 - cosk 0.000041251  0.031052 0.0739334 0.0010935  0.0000652432  0.000547875
(Xx—¢))
Bound on the constants of Proposition 3.3.1in Dimension 38
Quantity | KF  KPhi DELTAFLower DELTAFAbsolut DELTAPhi
Out[376]=
Y7 "Bound for [ 10307 1.0007  1.03546 156233 0522836
Bound on the constants of Proposition 3.3.1in Dimension 38
Quantity [ DELTA". 2 3 DELTA". 2 3 DELTA". 2 3
FLow". FADbs-. Phi
er olut
Out[377]=
Bound | 0.967105 -0.0013- —-7.92019 1.56049 0.00183- 7.92019x 0.522885 7.06203x 1.64358x
for 473, X 722 1077 1077 10710
9 1077




