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Abstract

In this file we performs the numerical part of the analysis of the non-backtracking lace expansion for
lattice trees. All referencesin this version of the notebook will be to the PhD thesis of the author.
This file is accomanied by another notebook -SRW_Computations- where an number of simple
random walks are computed. The user should first open that file, choose a dimension and execute all
lines of the file. Then he is expects to choose constance T in this file. After choosing these
quantities the used should select the menu item Evaluate-> Evaluate Notebook. In atable at the end
of this document the result of the computations are shown. Thereit can be see whether the bootstrap
with the given parameters and therefore the analysis was succesful. The computation of the
-SRW_Computations- file are independent of the values T, so that the need to compute the SRW-
integral once when we start the program and whenever we change the dimension.

We compute bound on the two-point function and repulsive diagrams (Section 5.1.2). We use these
bounds to compute the Diagramatic bounds derived in Section 4.3. and compute the bounds used for
the Analysisin Section 3.5.

9.05.2013
I nput
Wetry to perform the bootstrap for the following values of I';. So that the values of fy, o, f 30 @d f 4y assmall then:
nsoze)= Gammal = 1. 0546357,
Gamma2 = 1. 1433;

GanmaFour [1, 4] = 0. 003234,
GammaFour [2, 4] = 0. 0067444,

GammaThree[l, 0] = 0. 1367;
GamraThree[l, 1] = 0. 026228;
GanmaThree[1, 2] = 0.010843;
GanmaThree[1, 3] = 0. 003234,
GammaThree[2, 0] = 0. 20456;
GammaThree[2, 1] = 0. 04752;
GanmaThree[2, 2] = 0. 01965;
GanmaThree[2, 3] =.00675;

The bootstraps succeeds in dimension 20 with the constants (* deactivated*)
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iniso48l=  (*Gammal=1. 0546357;
Gamma2=1. 1433;

GammaFour [1, 4]=0. 003234;
GamraFour [2, 4]1=0. 0067444,

GamraThree[1, 0]=0.
GammaThree[1, 1]1=0.
GammaThree[1, 2]1=0.
GanmeaThree[1, 3]1=0.
GammaThree[2, 0]=0.
GammaThree[2, 1]1=0.
GanmaThree[2, 2]=0.

1367,
026228;
010843;
003234,
20456;
04752;
01965;

GammaThree[2, 3]1=. 00675; *)

Bound on the two-point function and on repulsive diagrams

Definition of Constants

We define the constants for two setting s: we use s=i for bound on z = z, and s=o for bound on ze (7, z) : Further we use the following

relations,

For the other z € (7, z;) we know that

1
Z|=—
2d -1e
e-1
Uz <e+
“ 2d-1
) 2d-1
Oy =1+(gy -1 o <e D
: , 2d-2
G/ =g, B, g.zl(x) < g, T—l C(x)
~ 2d-2
GA(X) = B, g (X = C(X).
' 2d-1
2dzg,<2dg,z<I
1
g, <elforalzz ——
(2d-1e )
i 2d-1
9;<1+(9.—- 1 7d

We implement the following basic quantities for statusi at z and status o for zin (z, z), which will allows us to implement the bound for

both (s=i,0) at the same time:
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Exp[1] -1
2d-1

g[o] = Exp[1] » Ganmal,

gj [1]=Exp[l];

nso49)= gi ] = EXp[1] +

2d—l.

gj [0] =1+ (g[0] -1) *

glil’
gj [0]
glo]

rhofi]

rho[o]

1
twodgz[i] =2d gli]
(2d -1) Exp[l]
2d
twodgz [0] = Ganmal;
2d-1

2d
2d-1'
2d

twodgj z[i] =

twodgj z[0] =

gjz[il

gj z[o]

(»twodz [i 1=2d z[i ];

twodz[o]= 2d z[o];

*)

(*bound on the two-point functions)

1-Exp[-1]Y
2d-1 )

Var Gammal[o] = Gammal;

VarGanmmall[i ] = |1+

(2d-2)
Var Gamma2[i ] =rho[i] *T; (*G; (X) 29:B7g, (X) < 02

2d-2
2d-1

C(x) *)

2
Var Garma2[0] = Ganma2 p : (G, (k)< Constant GvsC C(k), follows fromf2x)
2 1

Var Gamma3[i ] = 1; (*We bound a weighted line by replacing the tree two-
point function with a nornal ons)

Var Garme3[0] = Ganma3; (G, (k) s C(k) *)

Varcl[o] =cl; Varc2[o] =c2; Varc3[o] =c3; Varc4[o] =c4;

Varcl[i] =0; Varc2[i] =0.5; Varc3[i] =0; Varc4l[i] = 4;

Further, we define variables to save the number of short SAWSs, as given in Section 5.1.3
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ns069:= €21 K = 2; (*Cz (€1+€2) *)
cdik =4 (2d-3) +2 (2d-4); (*Cg(€1+€2) *)
c6ik =16+84 (2d-4) +36 (2d-4) (2d-6); (*Cs(€1+€2) *)

c3i (2d-2); (xC3(€1) *)

c5i = (3(2d-2)+4(2d-2) (2d-4)); (xC5(e1) *)

Cc7i = (14 (2d-2)+62 (2d-2) (2d-4) +27 (2d-2) (2d-4) (2d-6));
(*C7 (€1) *)

Bounds on two-point function
We compute bounds as explained in Section 5.1.2. We begin by computing Gy, ;(e1) asin (5.1.22)-(5.1.24)

IN[5075]:= DO[
Bound[tG7i, s] =c7i (gjz[s])” + (twodgj z[S]1)" 9+ VarGanma2[s] 1 110; (* G ,(e1)*)
Bound [t G5i, s] =c¢5i (gjz[s])°+Bound[tGrli, s]; (* G ,(e1)%*)
Bound[tG3i, s] =c¢3i (gjz[s])%+Bound[tG5i, s]; (* G . (€1)%*)
Bound [t Gli, s] =gjz[s] +Bound[tG3i, S]; (* G ;(e1)*)
. {s, {i, 0}}]

Then we compute Gy, ;(e1 + &) and G4 ,(2 &), see (5.1.25)-(5.1.26) :

in[5076):= Do [

d
Bound [t GBi k, s] = d_ (twodgj z[0]) *8 Var Ganma2[s] | 110; (*Gg(ey+€2)*)
1

Bound [t G6i k, s] =c6ikgjz[s]"6+VarGamma2([s] | 18; (*Gs(ep+e2)*)

Bound [t K4i k, s] = Bound[tGBi k, s]+ (c4ik-2(2d-3) ) gjz[s]?% (+Gj(er+ez)*)
Bound [t Qi k, s] = Bound[tG4i k, s] + (c2i k -1) gj z[S]?; (G} (e1+€2) *)

(»Bound [t G4i i, s]=(2d+2)gj z[s]*+Bound [t GB, s]; (» Bound for sup,Gi(2 e1)*)+)
. {s, {i, 0}}]

We compute the supreme of the two-point function as given in (5.1.27)-(5.1.31):

ins0771:= Do
(£Bound [t G6, s]=Max [Bound [t G7i , s], Bound [t GGi k, s], (twodgj z[s])”"8Var Gamma2[s]l 18];
Bound for sup, Gs(x)=Max[Gs(e), Gs(e1+€2), sup, Gg(X)]1#)
Bound [t G5, s] = Max[c6i k gj z[s]°, c7i gjz[s]’] + (twodgjz[s])"8 Var Ganme2[s] | 18;
(* Bound for sup,Gs(X)*)
Bound [t G4, s] = Max[c4ik gjz[s]% c5i gjz[s]°]+Bound[tGB, s];
(* Bound for sup,G (X)*)
Bound [t @2, s] = Max[c2i k gj z[s]?% c3i gjz[s]®] +Bound[tG4, s];
(*+ Bound for sup,G (X)*)
Bound [t Gl, s] = Max[Bound [t Gli, s], Bound[t &, s]]; (» Bound for sup,G (X)*)
. {s, {i, 0}}]

Closed repulsive diagrams

Then we define the bounds on the closed repulsive diagrams as desribed in Section 5.1.2 in (5.1.34)-(5.1.36). The bound does not depent on
the indivitual length of the pieces my, mp, ... and of the orientation of the arrows is not relevant. Thus, we use only the minimal number of
steps and the number of involved two-point unfunction to label the variables
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IN[5078]:= DO[

Bound [Cl osedRepLoop, 4, s] =twodgj z[s] Bound[tG3i, S];
Bound [Cl osedRepBubbl e, 4, s] =

gjz[s]* (2dc3i) +3gjz[s]1® (2dc5i) +5gjz[s]® (2dc7i) +

6 twodgj z [s]° Var Gamma2[s] 1 110 + t wodgj z [s]%° Var Gamma2 [s]2 | 210;
Bound [Cl osedRepBubbl e, 3, s] =

Bound [C osedRepLoop, 4, s] +Bound[d osedRepBubbl e, 4, s1;
Bound [Cl osedRepTri angl e, 4, s] =

(4+1-4) (4+2-4) (6+1-4) (6+2-4)

. giz[s]* (2dc3i) + . gjz[s1® (2dc5i) +
(8+1-4) (8+2-4) )

. gjz[s]1® (2dc7i) +
(10 - 4) (9 - 4)

twodgj z[s]1° Var Ganma2[s] | 110 + 6 t wodgj z [s]1'° Var Gamma2 [s]2% | 210 +
2

twodgj z [s]1'° Var Gamma2[s]° | 310;
Bound [Cl osedRepSquare, 4, s] =
gjz[s]*(2dc3i)+10gjz[s]1® (2dc5i) +35¢jz[s]® (2dc7i) +
(10 - 4) (9 - 4)

84 twodgj z [s1%° Var Gamma2[s] | 110 + ———————— twodgj z [s]1%° Var Ganma2 [s]12 1 210 +
2
6 twodgj z [s]° Var Gamma2[s]3 1 310 + t wodgj z [s]11° Var Garma2 [s]14 | 410;
. {s, {i, o}}]

Open repulsive diagrams
Then we define the bound on the open repulsive diagrams asin (5.3.38):
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In[5079]:= DO[
Bound [OpenRepBubbl e, 2, s] =
Max [c2i k gj z[s]?+3c4ikgjz[s]*+5c6ikgjz[s]®
2c3i gjz[s]®+4c5i gjz[s]°+6¢c7i gjz[s]'] +6twodgjz[s]® VarGamma2([s] | 18 +
twodgj z [s]® Var Gamma2 [s]2 | 28;
Bound [OpenRepBubbl e, 3, s] =
Max [2 c4ik gj z[s]* +4 c6ik gjz[s]° c3i gjz[s]®+3c5i gjz[s]®+5¢c7i gjz[s]'] +
5twodgj z[s]® Var Gamma2[s] | 18 + t wodgj z [s]1® Var Gamma2 [s]2 | 28;
Bound [OpenRepTriangle, 1, s] =
Max [3c2i k gj z[s]%+ 10 c4ik gj z[s]* + 21 c6i k gj z[s]°,
giz[s]+6¢c3i gjz[s]®+15c5i gjz[s]®+28¢c7i gjz[s]'] +
(8-1) (7-1)
2
twodgj z [s]® Var Garma2[s]°% | 38;
Bound [OpenRepTri angle, 2, s] =
Max [c2i k gj z[s]?+6 c4ikgjz[s]*+15c6ikgjz[s]®,
3c3i gjz[s]®+10c5i gjz[s]°>+21c7i gjz[s]'] +
(8-2) (7-2)
2
twodgj z [s1°8 Var Garma2 [s]1° | 38;
Bound [OpenRepTri angle, 3, s] =
Max [3 c4i k gj z[s]* + 10 c6ik gj z[s]°, c3i gjz[s]®+6c5i gjz[s]®+15¢c7i gjz[s]'] +
(8-3) (7-3)
2
twodgj z [s18 Var Garma2 [s]1° | 38;
Bound [OpenRepSquare, 3, s] =
Max [4 c4ik gj z[s]* +20c6ik gj z[s]°, c3i gjz[s]®+10c5i gjz[s]°+35¢c7i gjz[s]] +

(8-3) (7-3)
56 t wodgj z [s]1® Var Garma2[s] | 18 + —————— twodgj z[s]® Var Gamma2[s]12 1 28 +
2

twodgj z[s1® Var Ganma2[s] | 18 + 7 t wodgj z [s1® Var Gamma2 [s]12 | 28 +

twodgj z[s]® Var Gamma2[s] | 18 + 6 t wodgj z [s]® Var Garma2[s]2 128 +

twodgj z[s]® Var Gamma2[s] | 18 + 5t wodgj z [s]18 Var Garma2[s]2 1 28 +

5twodgj z [s]® Var Gamma2 [s]13 | 38 + t wodgj z [s]18 Var Garma2[s]4 | 48;
. {s, {i, 0}}]

In[5080]:=

Weighted Diagrams
First we define the bound on the weighted diagams in the same format as we used the in the implementation for the analysis of Section 3.3.

For z = z we use the bound (3.6.20) :

In[5081]:=
Bound [Wei ght edd osedBubbl e, 4, i ] =twodgj z[i ]* BoundFFourBarInitial [1, 4, rho[i ]1;
Bound [Wei ght edd osedTri angl e, 4, i ] =twodgj z[i ]* BoundFFourBarlInitial [2, 4, rho[i ]1;

Do|
Bound [Wei ght edQpenBubbl e, t, i] =twodgj z[i ]' BoundFThreeBarlnitial [1, t, rho[i]];
Bound [Wei ght edQpenTri angle, t, i ] =twodgjz[i ]! BoundFThreeBarlnitial [2, t, rho[i]];
. {t, 0, 3}]

Thenweuse f3,, and f, ), that gives us direct bound for the weighted diagramsfor ze (z, z):
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nsosa= Bound [Wei ght edd osedBubbl e, 4, o] = twodgj z [0]* GammaFour [1, 4];
Bound [Wei ght edd osedTri angl e, 4, 0] = twodgj z[0]* GammaFour [2, 4];

Do
Bound [Wéi ght edQpenBubbl e, t, 0] = twodgj z[i ]' GammaThree[1, t];
Bound [Wei ght edCpenTri angle, t, o] =twodgjz[i ]' GammaThree[2, t];
. {t, 0, 3}]

Then weusetheideaexplainedin (5.1.42)-(5.1.49) toobtain

In[5087]:= DO[
Bound [Wei ght edd osedBubbl e, 2, s] =
Bound [Weéi ght edCl osedBubbl e, 4, s]+8dgjz[s]® (gjz[s]* (2d-2) 2 +Bound[tG5, s]) +
8dgjz[s]?(2d-2) (gjz[s]?+Bound[tGik, s]) +

d d
2dgjz[s]1® | Bound[t&Bi, s]+3 (2d-2) — d—tv\Ddgjz[s]3VarGamra2[s] 116 +
2

Bound [t G6, s] +

d
5(2d-2)
(d

9 (gjz[s]1*+3 (2d-2) gjz[s]° +Bound [t G5, s])|;

Bound [Wei ght edd osedTri angl e, 2, s] =
2 Bound [Wei ght edd osedBubbl e, 4, s] + Bound[Wei ght edd osedTri angle, 4, s] +
8dgjz[s]? (gjz[s]* (2d-2) »2+Bound[tG5, s]) +
8dgjz[s]?(2d-2) (gjz[s]®+Bound[tGhik, s]) +

d d
4dgjz[s]® |Bound[t&3i, s]+3 (2d-2) — d—tv\Ddgjz[s]3VarGamra2[s] 116 +
1 2

d
5(2d-2) p Bound [t GB, s]+ 9 (9jz[s]?+3 (2d-2) gjz[s]°+Bound[tGs, s])|;
( )

. {s, {i, o}}]
We define the dlements as given in (4.3.31)-(4.3.37) and (4.3.49)-(4.3.51)

|7
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In[5088]:= DO[
Bound[Delta, |, 0, s] =2twodgjz[s] Bound[tG3i, Ss] +
2 Bound [Wi ght edd osedBubbl e, 2, s] + Bound [Wi ght edd osedTri angl e, 2, s1;

Bound [Wei ght edd osedBubbl e, 2, s]
Bound[Delta, |, 1, s] =Bound[tG3i, S] + +
twodgj z [S]

Bound [Wei ght edd osedTri angl e, 2, s] _

’

twodgj z [s]
Bound[Delta, |, 2, s] = Bound[Wei ght edOpenTri angle, 0, sJ;
5 Bound [Wei ght edOpenBubbl e, 2, s]

Bound[Delta, |, 3, s]

+

twodgj z[S]
) Bound [Wei ght edOpenTri angl e, 3, s] _

twodgj z [S]
Bound[Del ta, |, 4, s] = Bound[Wei ght edOpenBubbl e, 1, s] +
Bound [Wei ght edOpenBubbl e, 2, s] ) Bound [Wei ght edOpenTri angl e, 2, s]
. .

twodgj z [s] twodgj z [S]

Bound [Wei ght edd osedTri angl e, 2, s]
Bound[Delta, I, 5, s] ;

’

t wodgj z [s]?
Bound[Delta, |, 6, s] =2 Bound[Wi ght edCl osedBubbl e, 2, s] +
Bound [Wei ght edCl osedTri angl e, 4, s1;

Bound[Delta, II, 0, s] =
twodgj z[s] Bound [t G3i, s] + Bound[Wei ght edC osedBubbl e, 2, s] +
Bound [Wei ght edCl osedTri angl e, 2, s1;
Bound [Wei ght eddl osedTri angl e, 2, s]

Bound[Delta, II, 1, s] = ;
twodgj z [s]

Bound[Delta, I, 2, s] = Bound[Wi ght edOpenTriangle, 1, s];

. {s, {i, o}}]

Bound on the coefficients

Bound for N=0
The bounds stated in Lemma 4.3.6:

In[5089]:= DO[
Bound [Xi, normal, O, s] =1+ Bound[Cl osedRepBubbl e, 4, s]; (*Bound for =x)
Bound[Xi, iota, 0, s] =rho[s] Bound[tGL, s]; («Bound for 3 & «)
Bound[Psii, 0, s] =rho[s]; (*«Bound for @X«)
Bound [Xi, normal, O, Delta, 0, s] =0;

Bound[Xi, iota, O, Delta, 0, s] =0;
Bound[Xi, iota, O, Delta, ei, s] =2drho[s] Bound[tGl, s];
. {s, {i, 0}}]

Bound for N =1
Definition of Initial Pieces (P, PY)
To implement the bound of N=1 we define the boulding matricies given in (4.3.27)-(4.3.53):

In[5090]:= DO[
(» definition of first peices, inpendent of fiotax)
Bound[P1, 0, O, s] =
(3 Bound [Cl osedRepLoop, 4, s] + 3 Bound[C osedRepBubbl e, 4, s] +
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Bound [Cl osedRepTri angl e, 4, s]);
Bound[P1, O, 1, s] =
(2 Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]);
Bound [P1, O, 2, s] =
(Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
Bound [C osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 4, s]);
Bound [P1, O, -1, s] =
(Bound [Cl osedRepLoop, 4, s] +2 Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]);
Bound[P1, 0, -2, s] =
(Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 4, s]);;
(» definition of first peices, first step of the backbone goes to e;«)
Do[Bound[Pl, IotaStep, t, s] = Bound[P1, O, t, s], {t, {-2, -1, 0, 1, 2}}]1;
Bound[P1, lotaRi b, 0, s] =

2d [Bound[tGli, s] Bound[P1, 0, 0, s] +Bound[C osedRepBubbl e, 4, s] +

2 Bound [t &, s] Bound[Cl osedRepLoop, 4, s] +
Bound [t Gl, s] Bound[Cl osedRepBubbl e, 4, s] +

1
Bound [t G3i, s] —— Bound [Cl osedRepBubbl e, 3, s] +
twodgj z [S]

(Bound [Cl osedRepBubbl e, 4, s])

Bound [OpenRepBubbl e, 2, s] (*C#X,
twodgj z [s]

domega=1%) + 2 Bound [QpenRepBubbl e, 3, s]

1

(Bound [tGli, s] + Bound [C osedRepBubbl e, 3, s]] (*C#X,

twodgj z [S]
domegaz 2; U#v=xx) + Bound [QpenRepTri angle, 3, s]

1

[Bound [tGLli, ST+ Bound [Cl osedRepBubbl e, 3, s]] (*u;év;éx*)];

twodgj z[S]
(»definition of the first piece if e is somewhere on the first ribx)
Bound[P1, lotaRi b, 1, s] =

2d (Bound [t Gli, s] Bound[P1, O, 1, s] +Bound[Cl osedRepBubbl e, 4, s] +

Bound [Cl osedRepBubbl e, 4, s] + Bound[Cl osedRepTri angle, 4, s] +

1
——  Bound [0 osedRepBubbl e, 3, s] Bound [OpenRepBubbl e, 2, s] +
twodgj z [S]
1
[Bound [t Gli, s] + ——  Bound [Cl osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepTri angl e, 3, s]|;
Bound[P1, lotaRi b, 2, s] =
2d (Bound[t Gli, s] Bound[P1, 0, 2, s] +

1
[Bound [t Gli, s] + ——  Bound [Cl osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepSquare, 3, s]|{;
Bound[P1, lotaRi b, -2, s] =

2d (Bound[t Gli, s] Bound[P1, 0, -2, s] +

|9
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1
[Bound [t Gli, s] + —— Bound [C osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepSquare, 3, s1|{;
Bound[P1, lotaRi b, -1, s] =
2d (Bound[t Gli, s] Bound[P1, 0, -1, s] +

Bound [t Gl, s] (Bound[Cl osedRepLoop, 4, s] +Bound[Cl osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]) +

1
[Bound [t Gli, s] + —— Bound [C osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepTri angle, 3, s1|;
. {s, {i, o}}]

Definition of the inter mediate pieces (A A)
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In[5091]:= EX)[
(»definition of iternmedi ate peices, where one shared edges is countedx)
Do[Bound[A, O, a, s] =Bound[P1, O, a, s], {a, {-2, -1, 0, 1, 2}}1;
Bound[A, 1, 0, s] =
Bound [t G3i, s] +
; (Bound [Cl osedRepLoop, 4, s] +2 Bound[Cl osedRepBubbl e, 4, s] +
twodgj z [s]
Bound [Cl osedRepTri angl e, 4, s]);
Bound[A, 2, 0, s] = Bound[OpenRepBubbl e, 2, s] + Bound[OpenRepTri angle, 2, s];

Bound[A, 1, 1, s] =

1
—— (Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
twodgj z [s]

Bound [Cl osedRepTri angl e, 4, s]);
Bound [C osedRepTri angl e, 4, s]

Bound[A, 1, 2, s] =
twodgj z [S]

Bound[A, 2, 1, s] = Bound [OpenRepTri angle, 2, s1;
Bound[A, 2, 2, s] = Bound[OpenRepSquare, 3, s1;

Dol

Bound[A, -t1, 0, s] =Bound[A, t1, 0, sJ;
, {t1, 1, 23]

Clear[tl];

(»definition of itermedi ate peices, where both shared edges are not counteds)

Do[Bound[Abar, a, 0, s] =gj [s] Bound[A, a, 0, s], {a, {-2, -1, 0, 1, 2}}1;

(% (4. 3.25) %)

Do[Bound[Abar, O, a, s] =gj [s] Bound[A, a, 0, s], {a, {-2, -1, 0, 1, 2}}1;

(* (4. 3. 26) %)

Bound[Abar, 1, 1, s] =

gj [s]
—— (Bound [Cl osedRepLoop, 4, s] +Bound[Cl osedRepBubbl e, 4, s] +
(twodgj z[s1)?

Bound [Cl osedRepTri angl e, 4, s]);

Bound enRepTriangle, 2, s
Bound[Abar, 1, 2, s] =gj [S] [ P 9 ];
twodgj z[S]

Bound [Abar, 1, 2, s1;
gj [s] Bound[OpenRepTriangle, 1, si;

Bound [Abar, 2, 1, s]
Bound [Abar, 2, 2, s]

(*Using Symmetrie we define the other onesx)
Do[Do[
Do [
Bound[t, a, -b, s] =Bound[t, a, b, s];
Bound[t, -a, b, s] =Bound[t, a, b, s];
Bound[t, -a, -b, s] =Bound[t, a, b, s];
» {a, {1, 2}}1, (b, {1, 2}}1, {t, {A Abar}}];
(»t he nmore conpl ex piecesx)
. {s, {i, 0}}];
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Definition of the Delta entries

In[5092]:= DO[
Bound[Del ta, start, 2, s]
Bound[Del ta, start, 1, s] =Bound[Delta, I, 1, s];
Bound[Del ta, start, 0, s] =Bound[Delta, I, O, sJ;
Bound[Del ta, start, -1, s] =Bound[Delta, I, 1, sJ;
Bound[Del ta, start, -2, s] =Bound[Delta, |, 2, sJ;

Bound[Delta, I, 2, s];

Bound[Del ta, end, 2, s] =Bound[Delta, I, 4, s1;
Bound[Del ta, end, 1, s] = Bound[Delta, I, 3, s1;
Bound[Del ta, end, O, s] =Bound[Delta, |, 0, sJ;
Bound[Delta, end, -1, s] = Bound[Delta, I, 1, s];
Bound[Del ta, end, -2, s] =Bound[Delta, I, 2, s];

Bound[Delta, 0, O, s] =Bound[Delta, |, O, s];
Bound[Delta, 1, 0, s] =Bound[Delta, |, 3, s];
Bound[Delta, O, -1, s] = Bound[Delta, I, 1, s1;
Bound[Delta, -1, O, s] = Bound[Delta, I, 1, s1;
Bound[Delta, O, 1, s] =Bound[Delta, |, 1, s];
Bound[Delta, -1, 1, s] =Bound[Delta, I, 5, s];
Bound[Delta, -1, -1, s] =Bound[Delta, I, 5, s];
Bound[Delta, 1, 1, s] = Bound[Delta, |, 6, s];
Bound[Delta, 1, -1, s] =Bound[Delta, I, 6, s];

Do [

Bound[Delta, -2, t, s] = Bound[Delta, I, 2, s];

Bound[Del ta, 2, t, s] =2Bound[Delta, I, 2, s];

o {t, -2, 2}1;

Bound[Delta, -1, 2, s] = Bound[Delta, I, 2, s];

Bound[Delta, -1, -2, s] =Bound[Delta, I, 2, s];

Bound[Delta, 1, 2, s] =2Bound[Delta, |, 2, s];

Bound[Delta, 1, -2, s] =2Bound[Delta, I, 2, s];

Bound[Delta, 0, 2, s] =Bound[Delta, |, 2, s];

Bound[Delta, O, -2, s] = Bound[Delta, I, 2, s];

o]

Bound[Delta, iotal, t, s] =Bound[Delta, Il, Abs[t], s] +Bound[Delta, |, Abs[t], S] +
Bound [t Gli, s] Bound[Delta, O, t, s] +Bound[tG3i, s] Bound[Delta, -1, t, s] +
Bound [Cl osedRepBubbl e, 4, s]

Bound[Del ta, -2, t, s];
twodgj z[s]

Bound[Delta, iotall, t, s] =
Bound[Delta, II, Abs[t], s]+Bound[Delta, I, Abs[t], S] +
Bound [t Gli, s] Bound[Delta, O, t, s]+2Bound[t&3i, s] Bound[Delta, -1, t, s] +
) Bound [Cl osedRepBubbl e, 4, s]

Bound[Delta, -2, t, s]+
twodgj z [s]

2twodgj z[s] Bound[P1, lotaRi b, t, sJ;
Il {tv _21 2}]1
. {s, {i, 0}}]

Definition of the vectors and matices

We condition on the length of the backone and indentify whether the backbone is on the top or bottom of the diagram.
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-t he backboneinonthebottom d (u, v) = 2.

-t he backboneinonthebottom d (u, v) =1
u=v

-the backboneinonthetop, d (u, v)

-the backboneinonthetop, d (u, v)

v

In50931:= Do [
VectorPl[normal, s] = Tabl e[Bound[P1, O, r -3, s], {r, 1, 5}1;
VectorPl[iota, s] = Tabl e[Bound[P1, IotaStep, r -3, s] +Bound[P1, lotaRi b, r -3, s],
{r, 1, 5}1;

Matri xA[s] = Tabl e[Bound[A, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}7;
Matri xAbar [s] = Tabl e[Bound[Abar, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}7;
Vect or Abar [s] = Tabl e[Bound[Abar, r -3, 0, s], {r, 1, 5}1;

VectorDel ta[start, s] = Tabl e[Bound[Delta, start, r -3, s1, {r, 1, 5}7;
VectorDel ta[end, s] = Tabl e[Bound[Delta, end, r -3, s1, {r, 1, 5}7;
VectorDeltaliotal, s] = Tabl e[Bound[Del ta, iotal, r -3, s], {r, 1, 5}1;
VectorDeltaliotall, s] = Tabl e[Bound[Delta, iotall, r -3, s1, {r, 1, 5}1;
Matri xDel ta[s] = Tabl e[Bound[Delta, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}1;
, {s, {i, 0}}]

To compute the geometric sum over matricies we compute a representation of PO and PO by eigenvalue of the matricies A:

In50941:= Do [
Ei genA[s] = Ei gensystem[Transpose[Matri xA[s]1]1];
| nver seProduct [normal , s] =
I nverse[Transpose [Ei genA[s][[2]]1]1]. VectorP1[normal, s];
I nver seProduct [iota, s] = nverse[Transpose[Ei genA[s][[2]]1]]. VectorP1[iota, s];
Do [
Ei genVector [normal, j, s] = EigenA[s][[2, j]1] *InverseProduct [normal, s1[[j]1];
Ei genVector [iota, j, s] = EigenA[s][[2, j]] *IlnverseProduct [iota, s][[j]1];
Ei genVal ue[j, s] = EigenA[s][[1, j11;

1 {j 1 l’ 5}]
(xPrint [Sum[Ei genVector [j,s], {j,1,5}]-VectorP1[s]]; *)
» {s, {i, 0}}]

Bound for k=0
Now we first implement the bound on the absol ute values of the coefficients stated in Lemma4.3.7,4.3.8 and Proposition 4.3.9
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In[5095]:= DO[
Bound[Xi, normal, 0, s] =1;
Bound[Xi, iota, O, s] =rho[s] Bound[tGli, s];

Bound[Xi, normal, 1, s] =rho[s] Bound[P1, O, O, s1;

rho[s
Bound[Xi, iota, 1, s] =

Bound[P1, lotaStep, O, s] +

rho[s]

Bound [P1, lotaRi b, 0, s];

factor [normal ] =rho[s];
rho[s]

2d

factor [iota] =

Do
Bound[Xi, t, 2, s]
Bound[Xi, t, 3, s] =
factor [t] VectorPl[t, s]. Matri xAbar [s]. VectorPl[nornal, sJ;
Bound[Xi, t, EvenTail, s] =
Bound[Xi, t, 2, s] +
Abs |
factor [t]
Sum[Ei genVector [t, j, s]. Matri xAbar [s]. VectorP1[nornmal, s] /
(1-Eigenvalue[j, s]%) Eigenval ue[j, s1, {j, 1, 5}]];
Bound[Xi, t, OddTail, s] =
Bound[Xi, t, 3, s] +
Abs [
factor [t]
Sum[Ei genVector [t, j, s].MatrixAbar [s]. VectorPl[normal, s]/
(1 -Ei genval ue[j, 3]2) Ei genval ue[j, s1?, {j, 1, 5}]];
, {t, {normal, iota}}];
Bound[Xi, normal, Even, s] = Bound[Xi, nornal, EvenTail, sJ;
(» recall here that extract the contribtion of 8(® (x)=8px in the anal ysis. *)
Bound[Xi, iota, Even, s] =Bound[Xi, iota, O, s] +Bound[Xi, iota, EvenTail, s];

factor [t] VectorP1[t, s].VectorAbar [s];

Do[

Bound[Xi, t, Odd, s] = Bound[Xi, t, 1, s] +Bound[Xi, t, OddTail, s];
Bound[Xi, t, Absolut, s] =Bound[Xi, t, Odd, s] +Bound[Xi, t, Even, s];
, {t, {normal, iota}}];

CAs, i, on;

AN)  a(N)
Boundsfor E (0)-2 (k) for N=0,1,2,3
We now compute the bound as given in Lemma Lemma 4.3.7,4.3.8 and Proposition 4.3.9

ins096]):= Do [
Bound[Xi, iota, 1, Delta, O, s] =rho[s] Bound[Delta, iotal, 0, s];
Bound[Xi, iota, 1, Delta, ei, s] =rho[s] Bound[Delta, iotall, 0, sJ;
Bound[Xi, norrmal, 1, Delta, 0, s] =rho[s] Bound[Delta, I, O, sJ;
, {s, {i, 0}}]

Bound for N=2
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In50971:= Do [
Bound [Xi, normal, 2, Delta, 0, s] =
2rho[s] (VectorPl[nornmal, s].VectorDeltaf[end, s] +
VectorDelta[start, s].VectorPl[normal, s]);
Bound[Xi, iota, 2, Delta, 0, s] =
2rho[s]
(VectorPl[iota, s].VectorDeltalend, s] +
VectorDeltaliotal, s].VectorPl[normal, s]);
Bound[Xi, iota, 2, Delta, ei, s] =
2rho[s]
(VectorPl[iota, s].VectorDeltalend, s] +
VectorDeltaliotall, s]. VectorPl[normal, s]);
, {s, {i, 0}}]

Bound for N=3

inis0981:= Do [
Bound [Xi, normal, 3, Delta, 0, s] =
3rho[s] VectorDel ta[start, s]. Matri xA[s]. VectorPl[nornal, s] +
3rho[s] VectorPl[nornal, s]. Matri xA[s]. VectorDeltaf[end, s] +
3rho[s] VectorPl[normal, s]. MatrixDelta[s]. VectorPl[nornmal, sJ;
Bound[Xi, iota, 3, Delta, 0, s] =
3rho[s] VectorDeltaliotal, s]. Matri xA[s]. VectorPl[nornal, s] +
3rho[s] VectorPl[iota, s]. Matri xA[s]. VectorDelta[end, s] +
3rho[s] VectorPl[iota, s]. Matri xDelta[s]. VectorPl[normal, s];
Bound[Xi, iota, 3, Delta, ei, s] =
3rho[s] VectorDeltaliotall, s]. Matri xA[s]. VectorPl[normal, s] +
3rho[s] VectorPl[iota, s]. Matri xA[s]. VectorDelta[end, s] +
3rho[s] VectorPl[iota, s]. Matri xDelta[s]. VectorPl[normal, s];
, {s, {i, 0}}]

Boundsfor é(O)-é(k) for N=4
Bounds for £(0)-Z(k) for N>=4
We compute the sum over the bound of Proposition 4.3.9 over even N using the technique of Section 5.3.

In[5099):= Do [

Bound[Xi, normal, EvenTail, Delta, 0, s] =
Abs |
rho[s] 2

[Sum[Vect orDelta[start, s].EigenVector [normal, j, s] Eigenval ue[j, s]?

1 1

S+ : : | {, 1, 5}] +
(1-Eigenval ue[j, s]?) (1 -Eigenval ue[j, s1?)

Sum[Ei genVector [normal , j, s].VectorDelta[end, s] Ei genVal ue[j, s12

1 1
[ + ]! {jrlv 5}]+

(1-Eigenvaluefj, s1%)® (1-E genvValue[j, s]?)

Sum[ (Ei genVect or [normal, j, s] Eigenvalue[j, s]®) / (1-Eigenvalue[j, 5]2)2,
Ei genVect or [normal , j, s]

{i, 1, 5}]. Sum[ c{i, 1, 5}] +

(1 -Ei genval ue[j, 3]2)2

Sum[ (Ei genVect or [normel, j, s] Eigenvalue[j, s]?) / (1-Eigenval ue[j, 512)2
{i, 1, 5}]. Sum[ (Ei genVect or [normal, j, s] Eigenval uef[j, s1) /

|15
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(1 -Eigenval uefj, s]2)2, .1 5]
Bound[Xi, iota, EvenTail, Delta, 0, s] =
Abs [

rho[s] 2

2

Sum[Vect orDeltaliotal, s]. Ei genVector [normal, j, s] EigenValue[j, s]

1 1

+

— |
(1-Eigenval ue[j, s1?) (1 -Eigenval ue[j, s1?)

Sum[Ei genVector [iota, j, s]. VectorDelta[end, s] Ei genVal ue[j, s1?

1 1
+ - - c{i, 1, 5}] +
(1-Eigenvaluefj, s1%)® (1-E genvValue[j, s]?)
Ei genVector [iota, j, s] Eigenval ue[j, s]1°
Sum[ 9 J 2 J . {i, 1, 5}].
(1 -Ei genval ue[j, 5]2)2
Ei genVector [normal , j, s] )
Sum| , {i, 1, 5}]+
(1-Eigenval uefj, 512)2
Ei genVector [iota, j, s] Eigenval ue[j, s1?
Sum[ 9 J 2 J . {i, 1, 5}].

(1 -Ei genval ue[j, 5]2)2

Sum[ (Ei genVect or [nornal , j, s] Eigenvalue[j, s])/ (1-Eigenvaluelj, s]2)2,

i, 1 5¥]|]:
Bound[Xi, iota, EvenTail, Delta, ei, s] =
Abs[
rho[s] 2

[Sum[VeCt orDeltaliotall, s].EigenVector [normal, j, s] EigenVal ue[j, s]2

1

1

(1 -Ei genval ue[j, 5]2)2

Sum[Ei genVector [iota, j, s]. VectorDeltaf[end, s] Ei genVal ue[j, s]

+

I} {J! 11 5} +
(1 -Eigenval ue[j, s1?) ]

2

1 1
+ . . , {1, 53]+
(1 -Ei genval ue[j, 5]2)2 (1 -Eigenval ue[j, s1?)
Ei genVector [iota, j, s] Ei genval ue[j, s]1°
Sum[ 9 [ J 1Bg [ ] Gl 5}].
(1-Eigenval uefj, 512)2
Ei genVect or [normal , j, s] )
Sum[ , {1 5)]+
(1 -Ei genval ue[j, 3]2)2
Ei genVector [iota, j, s] Eigenvalue[j, s1?
Sum[ . {i, 1, 5}].

(1 -Ei genval ue[j, 312)2
Sum[ (Ei genVect or [nornal , j, s] Eigenvalue[j, s])/ (1-Eigenval uefj, 3]2)2,

{i. 1, 5]

~aa 1.
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Now we compute the sum over odd N

In[5100]:= DO[
Bound [Xi, nornmal, OddTail, Delta, O, s] =
Abs [
rho[s]

[2 Sum[Vect orDelta[start, s].EigenVector [normal, j, s] Eigenval ue[j, s]?

- 2 i, 1, 5}]
+ 1 {J’ ' } +
(1-Eigenvaluefj, s1%)® (1-E genvalue[j, s]?)

2 Sum[Ei genVect or [normal, j, s].VectorDelta[end, s] Ei genvVal ue[j, s]?

1 2

+ , . 1, 5}] +
(1-Eigenval uefj, 3]2)2 (1-Eigenval ue[j, s]?)

2 Sum[ (Ei genVect or [normal , j, s] Eigenvalue[j, s1°) / (1 -EigenVval ue[j, s]z)z,

) Ei genVector [normal, j, s] ]
{i, 1, 5}]. Sum| , (i, 1, 5}] -

(1-Eigenval uefj, 512)2

Sum[ (Ei genVect or [normal, j, s] Eigenvalue[j, s]?) / (1-Eigenvalue[j, 5]2)2,

] Ei genVector [normal, j, s] Ei genVal ue[j, s] ]
{i, 1, 5}].Sum| ” {0 1 8|
(1-Eigenval ue[j, s1?)
Bound[Xi, iota, OddTail, Delta, 0, s] =
Abs [
rho[s]

2 Sum[Vect orDeltaliotal, s].Ei genVector [normal, j, s] Eigenval ue[j, s]?

: 2 {i, 1, 5}]
+ {0, 1, 9} +
(1 - Ei genval uefj, 5]2)2 (1-Eigenval uefj, s1?)

2 Sum[Ei genVector [iota, j, s]. VectorDel ta[end, s] Ei genVal ue[j, s]?

1 2
S+ - - ” i, 1, 5}]+
(1-Eigenvaluefj, s1?)* (1-E genvalue[j, s]?)

Ei genVector [iota, j, s] Eigenval ue[j, s]1°
2 sum[ 9 J 2 . J , {i, 1 5]
(1 -Eigenval ue[j, s1?)

Ei genVector [normal, j, s] ]
Sum| , (i, 1, 5}] -

(1-Eigenval uefj, 512)2

Ei genVector [iota, j, s] Eigenvalue[j, s1>
Sum| _ _ 2 , (i, 1, 5}].
(1 -Eigenval ue[j, s1?)

Ei genVect or [normal , j, s] Ei genVal ue[j, s] ]
Sum| : - = V- AR N F
(1-Eigenval ue[j, s1?)

Bound[Xi, iota, OddTail, Delta, ei, s] =
Abs [
rho[s]
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[2 Sum[VeCt orDeltafliotall, s].EigenVector [nornal, j, s] EigenValue[j, s]

1 2
S+ - - - i, 1, 5}]+
(1-Eigenvaluefj, s1?)* (1-E genvalue[j, s]?)

2 Sum[Ei genVector [iota, j, s]. VectorDel ta[end, s] Ei genVal ue[j, s]?

1 2
[ + ], {, 1, 5}]+

(1-Eigenval uefj, 3]2)2 (1-Eigenval ue[j, s1?)

Ei genVector [iota, j, s] Ei genval ue[j, s]°
ZSum[ g [ J 1Eg9 2 [ 1 UL 5}].
(1-Eigenval ue[j, s]?)

Ei genVector [normal, j, s] )
Sum[ _ _ et {i, 1, 53] -
(1-Eigenval ue[j, s1?)

Ei genVector [iota, j, s] Eigenvalue[j, s1>
Sum| : . 2 , (i, 1, 5}].
(1 -Eigenval ue[j, s1?)

Ei genVector [normal, j, s] Ei genVal ue[j, s] ]
Sum| : : = {0 1 8|
(1 -Eigenval ue[j, s1?)

. {s, {i, 0}}];
Summation of the Delta Bounds

inis1011:= Do [

Do [

Bound[Xi, t, Even, Delta, 0, s] =
Bound[Xi, t, O, Delta, O, s] +Bound[Xi, t, 2, Delta, 0, s] +
Bound[Xi, t, EvenTail, Delta, 0, sJ;

Bound[Xi, t, Odd, Delta, 0, s] =
Bound[Xi, t, 1, Delta, O, s] +Bound[Xi, t, 3, Delta, 0, s] +
Bound[Xi, t, EvenTail, Delta, 0, sJ;

Bound[Xi, t, Absolut, Delta, 0, s] =
Bound[Xi, t, Odd, Delta, O, s] +Bound[Xi, t, Even, Delta, 0, s];

, {t, {normal, iota}}];

Bound[Xi, iota, Even, Delta, ei, s] =

Bound[Xi, iota, O, Delta, ei, s]+Bound[Xi, iota, 2, Delta, ei, s]+
Bound[Xi, iota, EvenTail, Delta, ei, s];

Bound[Xi, iota, Odd, Delta, ei, s] =

Bound[Xi, iota, 1, Delta, ei, s]+Bound[Xi, iota, 3, Delta, ei, s] +
Bound[Xi, iota, OddTail, Delta, ei, s];

Bound[Xi, iota, Absolut, Delta, ei, s] =

Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Even, Delta, ei, s];

, {s, {i, 0}}]

Computation of constants of Proposition 3.5.5
In this section we perform the computations of Section 3.4. to obtain the constances stated in Proposition 3.5.5:

2
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ZX |F( | = Kg =Bound[KF]

Bound[KPhi, 1] = K, < ®(0) = Ky = Bound[KPhi, 2]

Bound[KPhiabs, 1] = Ky < " [®00| = Ko = Bound[KPhiabs, 2] ®)

Z‘#O [ ®(¥) | = K = Bound[KPhiWithoutZero]
> FO[L = cosk )] = Kiowe[1 - D(K)]

Z“x | FOo | 11— coskx)] = Kae[1 - DK)] 4)
D | 220011 -cosk ] = Kae[1 - D(K)]

Bound on absolute value Kg and Ky

In[5102]:= DO[
twodgj z [s]
al pha[s] = ————;
2d
twodgz [s] .

baral pha[s] = —;
2d

d-2

2
Bound [KPsi, s] =rho[s] + Bound [Xi, normal, Absolut, sJ;

Bound [KF, s] =
(2d baral pha[s]) / (1 -al pha[s] - (2d -2) al pha[s] Bound[Xi, iota, Absolut, s])
Bound [KPsi, s];
Bound [KPhi up, s] =1+ Bound[Xi, normal, Even, s] +
Bound [Xi, iota, Absol ut, s] Bound[KF, s1;
Bound [KPhi down, s] =1 -Bound[Xi, normal, Odd, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi absup, s] = 1+ Bound[Xi, normal, Absolut, s] +
Bound [Xi, iota, Absolut, s] Bound[KF, s1;
Bound [KPhi absdown, s] =1 -Bound[Xi, normal, Absolut, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi Wt hout Zero, s] =
Bound [Xi, normal, Absolut, s] +Bound[Xi, iota, Absol ut, s] Bound[KF, s];

. {s, {i, 0}}]

Bounds on differences
Next we implement the computation of Section 3.4.3. First the differences of Fiand @4, lines (3.4.26), (3.4.27), (3.4.29)
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ns103:= Bound [Di fferencef F, Part1, Lower, i] =
2d baral phafi ]

1-al phali ]2
(1 -Bound[tGli, i ] -Bound[Xi, normal, Odd, Delta, O, i ] -Bound[Xi, normal, Odd, i] -
al pha[i ] Bound[Xi, normal, Even, Delta, 0, i1]);
Bound [Di fferencef F, Part1l, Absolut, i] =
2d baral phafi ]

1-al phali ]2
(rho[i ]+ (1+alpha[i])Bound[Xi, normal, Absolut, Delta, 0, i]+
Bound [Xi, normal, Absolut, i]);
Bound [Di fferencef F, Part1, Lower, 0] =
2dbaral pha[i] 2dbaral phalo]

M n '
1-al phali ]2 1 - al pha[o]?
(1 -Bound[tGli, o] -Bound[Xi, normal, Odd, Delta, 0, o] -Bound[Xi, normal, Odd, o] -
al pha[o] Bound[Xi, normal, Even, Delta, 0, 0]);
Bound [Di f ferencef F, Part1l, Absolut, o] =

2dbaral pha[i] 2dbaral pha[o]
Max

1-al phali ]2 " o1-al pha[o]?
(rho[i ]+ (1 +al pha[o]) Bound[Xi, normal, Absolut, Delta, 0, o] +
Bound [Xi, normal, Absol ut, o]);
Do
Bound [KDel t aPhi, Partl, s] = Bound[Xi, nornal, Absolut, Delta, 0, s] +
bar al pha[s]

1 - al pha[s]?
(2dBound[Xi, nornal, Absolut, Delta, 0, s] Bound[Xi, iota, Absolut, s] +

(1 +Bound[Xi, normal, Absolut, s]) Bound[Xi, iota, Absolut, Delta, ei, s] +

2dal pha[s] Bound[Xi, normal, Absolut, Delta, 0, s]
Bound[Xi, iota, Absolut, s] +

al pha[s] (1 +Bound[Xi, normal, Absolut, s])
Bound[Xi, iota, Absolut, Delta, 0, s]);

. {s, (i, 0}}]

Then the differences of F,and ®,: For the bound in (3.4.30), (3.4.32) and (3.4.35)
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In[5108]:= DO[
Bound [Di f ferencef F, Part2, Lower, s] =
(2 d baral pha[s])?

1 -al pha[s]?
(Bound[Xi, nornal, Odd, Delta, O, s] Bound[Xi, iota, Odd, s] +
Bound[Xi, normal, Even, Delta, 0, s] Bound[Xi, iota, Even, s])

2 d bar al pha[s]?

ho[s] 2
- rho[s] +
1 - al pha[s]? (

Bound [Xi, nornmal, Even, s]]

(Bound[xi, iota, Even, Delta, ei, s] +2dBound[Xi, iota, Even, s] +
al pha[s]ZBound[Xi, iota, Even, Delta, 0, s] +
al pha[s] (Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Odd, Delta, 0, s] +
2dBound[Xi, iota, Odd, s1)) -

2 d bar al pha[s]? [Zd -2

. Bound [Xi, normal, Qdd, s]]
1-al pha[s]

(Bound[Xi, iota, Odd, Delta, ei, s]+2dBound[Xi, iota, Odd, s] +
al pha[s]2Bound[Xi, iota, Odd, Delta, 0, s]+
al pha[s] (Bound[Xi, iota, Even, Delta, ei, s] +
Bound[Xi, iota, Even, Delta, 0, s] +2dBound[Xi, iota, Even, s]));
Bound [Di f ferencef F, Part2, Absolut, s] =
(2 d baral pha[s])?

Bound [Xi, normal, Absolut, Delta, 0, s]
1-al pha[s]?

Bound[Xi, iota, Absolut, s]

2 d baral pha[s]? 2d-2
" rho[s] +
(1-al pha[s]?) (1+al pha[s])

Bound [Xi, normal, Absolut, s]

(Bound[Xi, iota, Absolut, Delta, ei, s]+2dBound[Xi, iota, Absolut, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]);
Bound [KDel t aPhi, Part2, s] =

2 d baral pha[s]?

(1 -al pha[s]?)

2dBound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absol ut, s]2+

2 (1 +Bound[Xi, nornmal, Absolut, s])
Bound [Xi, iota, Absolut, s]

1 +al pha[s]
(Bound[Xi, iota, Absolut, Delta, ei, s]+

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s])|;

. {s, {i, o}}]
Finally, we compute the differences of Fzand @3, lines (4.4.37) and (4.4.38)
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In[5109]:= DO[
1
t = ;
P 1 2dal pha[s] Bound[Xi,iota, Absol ut, s]
- 1-al pha[s]

Bound [Di f ferencef F, Part3, Absolut, s] =
2d baral pha[s]

Bound[Xi, normal, Absolut, Delta, 0, s]
(1-al pha[s])?®

(2dal pha[s] Bound[Xi, iota, Absolut, s])2tnp+

bar al pha[s] (2 dal pha[s])?
(1 +Bound[Xi, normal, Absolut, s])

(1-alpha[s])? (1-al pha[s]?)
Bound [Xi , i ota, Absolut, s]tnp?
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]) +

bar al pha[s] (2 dal pha[s])?
(1 +Bound[Xi, normal, Absolut, s])

(1-alpha[s])? (1-al pha[s]?)
Bound [Xi, iota, Absolut, s]tnp
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]+
2dBound[Xi, iota, Absolut, s]);

Bound [Di f ferencef F, Part3, Lower, s] = -Bound[Di fferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, Part3, s] =

) 2d baral pha[s] Bound[Xi, iota, Absolut, s]
Bound [Xi, normal, Absolut, Delta, 0, s]

(1 -al pha[s])?
(2dal pha[s] Bound[Xi, iota, Absolut, s])?tnp +
(1 +Bound[Xi, normal, Absolut, s])
(baral pha[s] (2d al pha[s] Bound[Xi, iota, Absolut, s1)?)/

((1-alpha[s])? (1-al pha[s]?)) (tnp®+tnp)

——— (Bound[Xi, iota, Absolut, Delta, ei, s] +
1 +al pha[s]

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);

Bound [KDel t aFLower, s] =
1/ (Bound[Di fferencefF, Partl, Lower, s] +Bound[DifferencefF, Part2, Lower, s] +
Bound [Di f ferencef F, Part3, Lower, s]);
Bound [KDel t aF, s] = Bound[Di fferencefF, Partl, Absolut, s] +
Bound [Di f ferencef F, Part2, Absolut, s] +Bound[DifferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, s] = Bound [KDel t aPhi, Partl1, s] + Bound[KDeltaPhi, Part2, s] +
Bound [KDel t aPhi, Part3, s];
Cl ear [tnp];
. {s, {i, 0}}]

Computation of additial bounds of Assumption 3.5.3

Now we compute bounds on e, @¢, Rrand Ry as given in Section 3.5.3 and 4.3.9. We follow the structure of Section 4.3.9. We know that
z = z =e'/(2d - 1) and by smple combinatorics that

z
g = 1+(2d—1)z,(1+(2d—1)z|)+(2d—1)(2d—2)—2|
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1
(2d -1) Exp[1]’

ns110}= Z [i ] =

(2d-1) (2d-2)
z

gjzLower =1+ (2d-1) z[i] (1+(2d-1) z[i]) + [i 1%

(2d-2)2
gnszmr=1+(2d-2)zU](1+(2d-1)zn])+——7r——zn]%
gzlower =1+2d*z[i]+2x2d (2d-1) *z[i]"2+
2d+« (6d-4+6d-6+(2d-2) /2 (6d-8)+(2d-2) (6d-8)) z[i ]"3+
(2d (8d-6+8d-8) +
2d(2d-2) (1/2+8d-9+6d-6+4d-4+4d-4+4d-2+8d-12+6d-8) +
2d (2d-2) (2d-4) (2d-6) /741 +2d (2d-2) (2d-4) /2% (2d-6)) z[i 1"4;

Gammal
z[o] = ; (» Upper bound on z and thereby al so on z. *)
(2d-1) »gzLower

al phaLower = z[i ] gj zLower;

To rewrite ® asin (3.5.31)-(3.5.33) we extract from 2@ and 2 the nearest neighbor contribtion. For the implementation we split 2©, 20
and 2@ asfollows

ns116l= Bound [Xi, nor mal al phaPhi, 0, o] = 0;
Bound [Xi, normal RPhi, 0, o] = 0;

Bound [Xi , nornal al phaPhi, 1, 0] =
rho[o] (2 Bound[C osedRepLoop, 4, o] + Bound [Cl osedRepBubbl e, 4, 0]);
Bound [Xi, nornmal RPhi, 1, o] =
rho[o] (Bound[d osedRepLoop, 4, 0] +2 Bound[Cl osedRepBubbl e, 4, 0] +
Bound [Cl osedRepTri angl e, 4, 0]);

Bound [Xi, iotaal phaPhi, 0, 0] = rho[0] Bound[tGl, 0];
Bound [Xi, iotaRPhi, 0, o] =0;
Bound [Xi, i otaRPhi, 0, DeltaPhi, 0, o] =0;
Bound [Xi, i otaRPhi, O, Del taPhi, ei, o] =0;
ns124p= Bound [Xi, normal al phaPhi, 1, o]

out5124)= 0. 00316336

We use these quantities to define the bounds
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ns125)= ap = Max [Bound [Xi , normal al phaPhi, 0, o],
twodgz [0]
Bound [Xi , normal al phaPhi, 1, o] + S —— Bound [Xi , i ot aal phaPhi, O, o]];
1-gjz[o]?
Bound [Phi 2Phi 3, Absol ut, 0, o] =
twodgz[0]\2d-1
aeer)
1/ (1-alpha[o] - (2d-2) al pha[o] Bound[Xi, iota, Absolut, 0]);
(xconpare with (3.4.11) %)

Bound [KPsi, 0] Bound[Xi, iota, Absol ut, o]2

bRp = Bound [Xi, normal RPhi, 0, o] + Bound[Xi, normal RPhi, 1, 0] +
Sum[Bound [Xi, normal , t, o], {t, {2, 3, EvenTail, OddTail }}] +
twodgj z[0]
1-gjz[o]?

(Bound[Xi, iotaRPhi, 0, o] + Sum[Bound[Xi, nornal, t, o],
{t, {1, 2, 3, EvenTail, OddTail }}7]) +

twodgz[0]
—— Bound [Xi, normal, Absol ut, o] Bound[Xi, iota, Absolut, o] +
1-gjz[o]?

Bound [Phi 2Phi 3, Absol ut, 0, 0];
see (3.5.32)-(3.5.33).

To compute ®(0) — &(k) we compute the remainder term for the difference ®;(0) — ®1(k) :

nis128r= Bound [Xi, normal RPhi, 0, Delta, 0, o]
Bound [Xi, normal RPhi, 1, Delta, 0, 0]
2 Bound [Wei ght edd osedBubbl e, 2, o] + Bound [Wei ght edd osedTri angl e, 2, 0];

0;

Bound [Xi, i otaRPhi, Absolut, o] =
Bound[Xi, iota, Absolut, o] -Bound[Xi, iota, O, o] +Bound[Xi, iotaRPhi, 0, 0];
Bound [Xi, iotaRPhi, Absolut, Delta, 0, 0] =
Bound[Xi, iota, Absolut, Delta, 0, o] -Bound[Xi, iota, O, Delta, O, o] +
Bound [Xi, i otaRPhi, 0, DeltaPhi, 0, o];
Bound [Xi, iotaRPhi, Absolut, Delta, ei, 0] =
Bound[Xi, iota, Absolut, Delta, ei, o] -Bound[Xi, iota, O, Delta, ei, 0] +
Bound [Xi, i otaRPhi, 0, DeltaPhi, ei, 0];

Then, we use these differences and add the already computed differences ®,(0) — ®,(k) and ®3(0) — ®3(k):
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in5133:= bRpDel ta = Bound [Xi , nornmal RPhi, O, Delta, 0, o] +
Bound [Xi, normal RPhi, 1, Delta, 0, o] +
Sum[Bound [Xi, normal , t, Delta, O, o], {t, {2, 3, EvenTail, OddTail }}] +

bar al pha[o]

1 - al pha[o]?
(2d Bound[Xi, normal, Absolut, Delta, 0, o] Bound[Xi, iotaRPhi, Absolut, o] +
(1 +Bound[Xi, nornmal, Absol ut, o]) Bound[Xi, iotaRPhi, Absolut, Delta, ei, 0] +
2dal phaf[o] Bound[Xi, normal, Absolut, Delta, 0, o]
Bound [Xi, iotaRPhi, Absolut, o] +
al pha[o] (1 +Bound[Xi, nornal, Absol ut, o])
Bound [Xi, i otaRPhi, Absolut, Delta, 0, o]) +

bar al pha[o]
1 - al pha[o]?
2dal pha[o] Bound[Xi, normal, Absolut, Delta, 0, 0]
Bound [Xi, i ot aal phaPhi, 0, 0]
"
2d
al pha[o] Bound [Xi, normal, Absol ut, o] Bound[Xi, iotaal phaPhi, O, o]] +

Bound [KDel t aPhi, Part2, o] + Bound [KDel t aPhi, Part3, o];
Thefirst term corresponds are contributions to E, that have not been extracted. The second term bound ¥; ¥©(0) (Ei ) - :i(e,)). Thethird
term bounds }; (‘i'(o)'i(O) - \P<°>"(O)) E‘(e,)). In last term bound all remainder term the contribution of ®,and ®s.
For therewrite of 1 — F(k) we require the following quantities:

nisis4= Psi lei ekLower =6z [i 1% gjj zLower* +20 (2d-2) z[i 1°gjj zLower®; (&' (e;+e7) %)
Psi OellLower = 0; (%30 K (e1) )
Psi Oe2Lower = 0; (*2% K (e3) *)

Psi Oei ek = 0; (*30 % (ej +ey) *)
Bound [Cl osedRepBubbl e, 3, o]

2d ’

Psi 1e2

Psi 1el = Psi 1e2;

We use as bound on the absol ute value of a(3.5.39) the following

gj z[o] (2d-2) . o
ins1401= af = 2 d ———— +twodgz [0] —— (Psi Oei ek - Psi 1ei ekLower ) +
1-gjz[o]? 1-gjz[o]?

jz[o
gj—[] ((2d-2) (Psi 1le2 - Psi Oe2Lower ) + (Psi 1lel - Psi OelLower));

twodgz [0]
1-gjz[o]?

For the computation of F(0) — F(k) we use the following values
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nis141:= Bound [Xi, normal Rf, O, Delta, 0, o]
Bound[Xi, normal Rf, 1, Delta, 0, 0]
2 Bound [Wei ght edCl osedBubbl e, 2, o] + Bound [Wi ght edCl osedTri angl e, 2, 0];
Bound [Xi, normal Rf, 0, o] =0;
Bound [Xi, nornmal Rf, 1, o]
(Bound [Cl osedRepLoop, 4, o] + 2 Bound [C osedRepBubbl e, 4, o] +
Bound [Cl osedRepTri angl e, 4, 0]);
Bound [Xi, normal Rf, Absol ut, o] =
Bound [Xi, normal, Absolut, o] +Bound[Xi, nornmal Rf, 0, o];
Bound [Xi, nornmal Rf, Absol ut, Delta, 0, 0]
Bound[Xi, normal, Absolut, Delta, 0, o] +
Sum[Bound [Xi, normal Rf, t, Delta, 0, o] -Bound[Xi, normal, t, Delta, 0, o],
{t, 0, 1}1;

0;

to create the bound s

twodgz[o] 2d-2

ns1471= bRf = Bound [Xi, nornmal Rf, Absol ut, o] +
l1-gjz[o] 2d
2d-2 twodgz[o] . .
t wodgz [0] . 29 Taizmol Bound[Xi, iota, Absolut, 0]
—— Bound [KPsi, 0] ” ;
1-gjz[o]? 1 - 10492191 goyngxi, iota, Absolut, o]
1-gj z[o]
bRf Del ta =

2d baral pha[o]

1-al pha[o]?
(Bound [Xi , normal Rf, Absolut, Delta, 0, o] + Bound[Xi, normal Rf, Absol ut, o] +
al pha[o] Bound [Xi, nornal Rf, Absolut, Delta, 0, 0]) +
Bound [Di f ferencef F, Part2, Absol ut, o] + Bound[DifferencefF, Part3, Absolut, o];

Check of the sufficient condition
Now we can compute whether Q(y,I",z) is satisfied, see Definition 3.5.6.

In[5149]:= DO[
1+% Ganmal Bound [Xi, i ota, Even, s]
NoBLEBoundF1([s] = = :
rho[s] —% Bound [Xi, normal, Odd, s]
2d-2 .
NoBLEBoundF2([s] = p Bound [KPhi absup, s] Bound[KDel t aFLower, s1;
2d-1
. {s, {i, 0}}]

Wefinaly check

inis1501= Do [
Succes[f1l, s] = NoBLEBoundF1[s] < Ganmal;
Succes [f2, s] = NoBLEBoundF2[s] < Ganmm2;
Succes[s] = Succes[f1l, s] & Succes[f2, s];
, {s, {i, 0}}]

Further, we need the constants for the improvement of f 3n) @nd f anl
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2d-2
ns151:= BoundFFour [n_, | _]1 : = BoundFFour Bar [n, I, ] Gamma2, twodgz[s], 1, af,
2d-1
ap, bRf, bRp, bRfDelta, bRpDel ta, Bound[KDeltaFLower, o]];
2d-2
BoundFThree[n_, | _] : = BoundFThr eeBar [n, I, Gamme2, twodgz[s], 1, af,

ap, bRf, bRp, bRfDelta, bRpDelta, Bound[KDel t aFLower, o]];

in5153)= DO [
SuccesFThree[t +1] = BoundFThree[l, t] < GanmaThree[1, t1;
SuccesFThree[t +5] = BoundFThree[2, t] < GanmaThree[2, t];
, {t, 0, 3}1]
Succes [f 3bar ] = SuccesFThree[1l] & SuccesFThree[2] & SuccesFThree[3] &&
SuccesFThree[4] & SuccesFThree[5] & SuccesFThree[6] & SuccesFThree[7] &&
SuccesFThree[8];

SuccesFFour [1] = BoundFFour [1, 4] < GanmaFour [1, 47;

SuccesFFour [2] = BoundFFour [2, 4] < GarmaFour [2, 4];

Succes [f4bar ] = SuccesFFour [1] & SuccesFFour [2];

Succes[overall ] = Succes[i ] & Succes[0] & Succes [f 3bar ] & Succes [f 4bar ];

Result
Theoverall result
The statement that the bootstrap was succesful is
n5159)= Succes [overal | ]

out51591= True

If this succedes than the analysis of Section 3.5 can be used to proved mean-field behavoior for LT.
Assuming the bootstrap was succesful we prove the following bounds: The infrared bound in (3.5.28) and (3.5.29) hold with

2d-2

2d-1
Max [Bound [KDel t aFLower, 0], 1]
(» Nomi nator in (4.5.29) %)

In[5160]:=

Game2 (x 2 G (k) [1-D(k) ]+)

ous1601= 1. 11398
outs161)= 1. 12417

Further, we have proven that g, z; is smaller than

Ganmal

In[5162]:=

2d-1
out51621= 0. 0270419
and that g,, smaller than
nis163:= Gammal * Exp[1]

out5163= 2. 8668
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Theimprovement of bounds

ns164:= bubbl es = {Graphi cs[{G een, Disk[{0, 0}, 0.8]}, |InageSi ze -> 30],
Graphi cs[{Red, Disk[{O0, 0}, 0.8]}, | mageSi ze -> 40]};
tabl ed assi cCheck = {{Bounds, Init -fq, Init -f, fq, fy, 4.1 4, 1‘_4,2,4},
{Gamma, Gammal, Ganma?2, Ganmal, Ganma2, GammaFour [1, 4], GanmaFour [2, 4] },
{Bounds, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF1[o0], NoBLEBoundF2[o],
BoundFFour [1, 4], BoundFFour [2, 4]}, {check,
I f [Succes[f1, i], bubbles[[1]], bubbles[[2]]],
I f [Succes[f2, i], bubbles[[1]], bubbles[[2]]],
| f [Succes[f1l, o], bubbles[[1]], bubbles[[2]]],
I f [Succes[f2, 0], bubbles[[1]], bubbles[[2]]],
| f [SuccesFFour [1], bubbles[[1]], bubbles[[2]]],
| f [SuccesFFour [2], bubbles[[1]], bubbl es[[2]]]}};
tabl ed assi cCheckFt hree =
{{Bounds, " (1,0)", "(1,1)", "(1,2)", "(1,3)", "(2,0)", "2, )", "(2,2)", "(2,3)"},
{Gamma, GammaThree[l, 0], GammaThree[l, 1], GammaThree[l, 2],
GanmmaThree[1l, 3], GammaThree[2, 0], GammaThree[2, 1], GammaThree[2, 2],
GammaThree[2, 3] }, {Bounds, BoundFThree[l, 0], BoundFThree[l, 11,
BoundFThree[l, 2], BoundFThree[l, 3], BoundFThree[2, 0], BoundFThree[2, 1],
BoundFThree[2, 2], BoundFThree[2, 3]}, {check,
| f [SuccesFThree[l], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[2], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[3], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[4], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[5], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[6], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[7], bubbles[[1]], bubbles[[2]]],
| f [SuccesFThree[8], bubbles[[1]], bubbles[[2]]1}};
Label ed[Gid[tabl ed assi cCheck, Alignment -» {Center}, Frane -» True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenBtyle » {1 > Bold, 1 - Bold},
Background -» {Automatic, Automatic, {{3, 3}, {2, 7}} -» GrayLevel [0.7]}],
Style["Result for f; and f, in D mension " Text [d], Bold], Top] // Text
Label ed[Gri d[tabl ed assi cCheckFt hree, Alignment » {Center}, Frame - True,
Dividers -» {{2 > True, -1 > True}, {2 » True, 5 - True}},
ItenStyle » {1 »Bold, 1 - Bold},
Background -» {Automatic, Automatic, {{3, 3}, {2, 9}} » G ayLevel [0.9]}],
Style["Result for fz in Dinension " Text [d], Bold], Top] // Text

Result for f; and f, in Dimension 20

Bounds | Init — f1 Init — fz f1 f2 f_4,1'4 f_4'2,4
Gamma | 1.05464 1.1433 1.05464 1.1433 0.003234 0.0067444
ou51671= | Bounds [ 1.05012 1.0845 1.05464 1.14329 0.0032333 0.00674417

check

Result for f3in Dimension 20

Bounds | (1,0) (D) 12 13 (20 21 22 23
Gamma | 0.1367 0.026228 0.010843 0.003234 0.20456 0.04752 0.01965 0.00675
oursieel= | Bounds [ 0.136655 0.0262258 0.0108418 0.0032333 0.204548 0.047519 0.0196496 0.00674417

check

In the following we implement a semi-automate proceedure to find appropiate value for the constants T';. Initially we guess a good value for
the constant and make a first computation. Then we deactivate there initial definition in the top of the document and use the code below.
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We recompile the document a number of times and hope that the algorithm below converges to afixed point.

nisie9p= {d, Gammal, Ganma2, GammaThree[1l, 0], GanmaThree[1l, 1], GammaThree[1, 2],
GamaThree[1l, 3], GanmaThree[2, 0], GanmaThree[2, 1], GamaThree[2, 2],
GamaThree[2, 3], GanmaFour [1, 4], GanmmaFour [2, 4]}

Gammal = NoBLEBoundF1[o] + 0. 000001;

Gamma2 = NoBLEBoundF2[o] + 0. 000001;

Do [
GanmaThree[1, t]
GanmaThree[2, t]
» {t, 0, 3}]

GammaFour [1, 4] = BoundFFour [1, 4] + 0. 000001;

GanmaFour [2, 4] = BoundFFour [2, 4] + 0. 000001;

{d, Gammal, Ganma2, GanmaThree[l, 0], GanmaThree[l, 1], GanmaThree[l, 2],
GammaThree[1l, 3], GanmaThree[2, 0], GanmaThree[2, 1], GamaThree[2, 2],
GammaThree[2, 3], GanmaFour [1, 4], GanmmaFour [2, 4]}

BoundFThree[1, t] +0.000001;
BoundFThree[2, t] +0.000001;

oufsi69= {20, 1.05464, 1.1433, 0.1367, 0.026228, 0.010843,
0. 003234, 0.20456, 0.04752, 0.01965, 0.00675, 0.003234, 0.0067444}

ous175= {20, 1.05464, 1.14329, 0.136655, 0. 0262266, 0.0108428, 0. 00323428,
0. 204547, 0.0475194, 0.0196504, 0.0067451, 0.00323428, 0. 0067451}

Print out of the computed boundsin the coefficients

In[5176]:= DO[

Met hodeFourTabIe[s] - {{QJantity, EZero, EOwe’ ET\I\D, EThree’ EEvenTaiI7 EOddTail}’
{Text [Boundfor é] Bound[Xi, normal, 0, s], Bound[Xi, normal, 1, s],
Bound[Xi, normal, 2, s], Bound[Xi, normal, 3, s], Bound[Xi, normal, EvenTail, s],
Bound[Xi , normal, OddTail, s]},

{Text [Bound f or é"], Bound [Xi, iota, 0, s], Bound[Xi, iota, 1, s],

Bound[Xi, iota, 2, s], Bound[Xi, iota, 3, s], Bound[Xi, iota, EvenTail, s],
Bound[Xi, iota, OddTail, s1},

{Text [& (1-cos (kx))], Bound[Xi, normal, O, Delta, O, s,

Bound[Xi, norrmal, 1, Delta, 0, s], Bound[Xi, normal, 2, Delta, O, s],

Bound [Xi, normal, 3, Delta, 0, s], Bound[Xi, normal, EvenTail, Delta, O, s],
Bound [Xi, normal, CddTail, Delta, O, s]},

{Text [ &* (1 -cos (kx))], Bound[Xi, iota, O, Delta, O, s],

Bound[Xi, iota, 1, Delta, O, s], Bound[Xi, iota, 2, Delta, O, s],

Bound[Xi, iota, 3, Delta, O, s], Bound[Xi, iota, EvenTail, Delta, 0, s],
Bound[Xi, iota, OddTail, Delta, 0, s1},

{Text [2“ (1 -cos (k (x-€.)))], Bound[Xi, iota, O, Delta, ei, s],

Bound[Xi, iota, 1, Delta, ei, s], Bound[Xi, iota, 2, Delta, ei, s],
Bound[Xi, iota, 3, Delta, ei, s], Bound[Xi, iota, EvenTail, Delta, ei, s],
Bound[Xi, iota, OddTail, Delta, ei, s]}};

. {s, {i, 0}}]

Met hodeFour Tabl ePart 1 = {{Quantity, KF, KPhi, DELTAFLower, DELTAFAbsol ut, DELTAPhi },
{Bound for , Bound[KF, o], Bound[KPhi up, o], Bound[KDelt aFLower, o],
Bound [KDel t aF, 0], Bound[KDel t aPhi, 0]}};
Met hodeFour Tabl ePart 2 =
{{Quantity, DELTAFLower, 2, 3, DELTAFAbsol ut, 2, 3, DELTAPhi, 2, 3},
{Bound for , Bound[Di fferencefF, Partl, Lower, o],
Bound [Di fferencef F, Part2, Lower, o], Bound[DifferencefF, Part3, Lower, o],
Bound [Di fferencef F, Part1, Absol ut, o], Bound[Di fferencefF, Part2, Absolut, o],
Bound [Di ff erencef F, Part3, Absol ut, o], Bound[KDel taPhi, Partl, o],
Bound [KDel t aPhi, Part2, o], Bound[KDel taPhi, Part3, 0]}};
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Met hodeFour Tabl ePart 3 = {{Quantity, as, Rs, ARs, ar, R, ARF},
{Bound for , ap, bRp, bRpDelta, af, bRf, bRfDel ta}};

Label ed[Gi d [Met hodeFour Tabl e[i ], Alignnent » {Center}, Frame - True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenStyle » {1 »Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients at z,in Dinension " Text [d], Bold], Top] // Text
Label ed[Gri d [Met hodeFour Tabl e[o], Alignnent » {Center}, Frame - True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients in Dimension " Text [d], Bold], Top] // Text

Label ed[Gri d [Met hodeFour Tabl ePart1, Alignment -» {Center}, Frame - True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenBtyle » {1 »>Bold, 1 - Bold},
Background » {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.5.5 in Dinmension " Text [d], Bol d],
Top] // Text
Label ed[Gri d [Met hodeFour Tabl ePart 2, Alignment -» {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1- Bold},
Background - {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.5.5 in Dinension " Text [d], Bol dJ,
Top] // Text
Label ed[Gri d [Met hodeFour Tabl ePart 3, Alignment » {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Style["Element of the rewite of the two-point function " Text [d], Bold], Top] //

Text
Bound on coefficientsat z in Dimension 20
Quantity =Zero =One =Two =Three =EvenTail =OddTail
Bound for & 1 0.00660959 0.000415675 0.0000184303 0.000416126 0.0000184406
OuE1801 Boundfor = 0.0259444 0.00147198 0.0000962558 2.87827x10~% 0.0000963581 2.88068x 106
(1 - coskx) & 0 0.0166604 0.00233819  0.000171106 2.61049x10°6 3.90699x10°°
(1 - coskx) =t 0 0.0289835  0.00926059 0.00116371  0.0000128548 0.0000192016
E'(1-cosk(x-e)) | 1.03777 0.13625 0.0138544 0.00132842 0.0000170328 0.0000254681

Bound on coefficientsin Dimension 20

Quantity =Zero =One =Two =Three ZEvenTail ZOddTail
Bound for 2 1 0.00897727 0.000877499 0.0000562889 0.000879581 0.0000563623
outls181]= Bound for &' 0.0274557 0.00204096 0.000196775 8.97369x107% 0.000197215 8.98966x 107°
(1-coskx) =2 0 0.0401686  0.0150219  0.00182523 0.0000407369 0.0000610232
(1 - coskx) = 0 0.0725346  0.0520843 0.0119694  0.000180838 0.000270593
E'(l-cosk(x—g)) | 109823 0.230001  0.0621877 0.0125215  0.000202395  0.000302923

Bound on the constants of Proposition 3.5.5in Dimension 20

Quantity KF KPhi DELTAFLower DELTAFAbsolut DELTAPhi
Bound for | 1.13987 1.03474 1.12417 1.21913 0.0999931

out[5182]=
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Bound on the constants of Proposition 3.5.5in Dimension 20

Quantity | DELTA"™ 2 3 DELTA"™. 2 3 DELTA". 2 3
FLow™. FADbs-. Phi
er olut
Out[5183]=
’ Bound 0.960155 -0.0663-. —0.0042-. 1.13941 0.07544- 0.00427-. 0.09744 0.00246-. 0.00008".
for 334 743", 65 432 509 80195
2

Element of therewrite of the two—point function 20

Quantity A Re ARy aF Re ARE
Bound for |0.0328833 0.0208356 0.0670442 1.08252 0.0453464 0.15258

Out[5184]=




