Computation for the lace expansion for lattice

animals
Analysis of Section 3.3

Robert Fitzner
University of Technology Eindhoven

Abstract

In this file we performs the numerical part of the analysis of the non-backtracking lace expansion for
lattice animals. All referencesin this version of the notebook will be to the PhD thesis of the author.
We expects as input the dimension d and the constance I'y,I'2,I'3, Cy,..,C4. After choosing these
quantities the used should select the menu item Evaluate-> Evaluate Notebook. In a table at the end
of this document the result of the computations are shown. Thereit can be see whether the bootstrap
with the given parameters and therefore the analysis was succesful.

We first compute bounds on the simple random walk two-point function (Section 5.2.1). Then we
compute bound on the two-point function and repulsive diagrams (Section 5.1.2). We use these
bounds to compute the Diagramatic bounds derived in Section 4.4. and compute the bounds used for
the Analysisin Section 3.3. The document corresponds to 95% to thefilefor LTs.

8.05.2013

I nput

The dimension in which we perfrom the computations
ni26= d = 49;

For the bootstrap we assume that fi(2) < T with I gives asfollows

n127= Gammal = 1. 01843;
Gama2 = 1. 14144,
Gama3 = 1. 2;

For the bootstrap function f; we use the following constants

n130= ¢1 = 0. 075649769;
c2 = 0.657045244;
c3 =0.10758573345;
c4 = 7.2943655;

Valuefor which it works:

nf1341= (*Gammal=1. 01843;
Gamme2=1. 14144;
Gamma3=1. 2;
c1=0. 075649769;
c2=0. 657045244;
c3=0. 10758573345;
c4=7.2943655; *)

Simple Random Walk integral

We compute the two-point function of the simple random walk,
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see Section 5.2, using that

Inm(X¥) = Inm-1(¥) = ln-1,m-1(X)

1 dk 1
Ino(X) = rtn_l”‘d fe—t/d(l—coS(K)eck.x o ftn—ll_r Ft, d. %))
n-1!Jo =L 27 (n=1! Jo =1

where F(t,d,n) is the modified Besselfunction. We implement the Bessel funciton and a function to compute I, o(X).

t t
npasi= F[t_, d_, N_]:= e’ Bessel | [N, E]

Nint[n_,d , T 1]:=

1/ ((n-1)!)*Nntegrate[t” (n-1) % (F[t, d, 0])~d, {t, 0, T},
Wor ki ngPr eci si on » 407];

Then we define the number of n-step SRW loop as given in Section (5.2.6)-(5.2.10)

n37= s2 = N[2d];

41 dd-1)
S4=N[[d* +—*4!]];
2x2 2
61 61 d(d-1) (d-2)
SG:N[ (d*—+d*(d—1)* + *6! ];
31 31! 2x2 3!
s8 =
8! 8! 8! d(d-1) (d-2) 8!
N[(d*—+d*(d—1)*( +—]+ * +
41 41 31 31 25 2 2x2
d(d-1) (d-2) (d-3)
*8!]];
41

Then we compute I (0) for n=1,2,3,4:

nta1:= 110 = NI nt [1, d, o];

120 = NInt [2, d, ®];
130 = NInt [3, d, »];
140 = NInt [4, d, »];

and use Inm(0) = Inm-1)(0) = I (n-1),m-1)(0) to compute I, m(0):
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inf1451= SRWIwoPoi nt Functi onTabl e =
{{nm o, 1, 2, 3, 4}, {0, 1, 110, 120, 130, 140}, {1, 0, 0, 0, O, 03,

2, , 0, 0, 0, 0}, (3,0, 0,0, 0, 03, {4, , 0, 0, 0, 0},
s6
{5, 0, 0, 0, 0, 0}, {6, —, 0, 0, O, O}, {7, 0, 0, 0, 0, 0},
(2d)°
{8, ——., 0,0, 0, 0}, {9, 0, 0, 0, 0, 0}, {10, -1, 0, 0, O, 0}};
(2d)8

For[i =3, i <13, i ++,
For[j =3, ] <7, j ++,
SRWIwoPoi nt Functi onTabl e[[i, j]] =
SRWIwoPoi nt FunctionTabl e[[i -1, j]] - SRWiwoPoi nt FunctionTable[[i -1, j -1]1];1

]
Cearli, j]

111 = SRWwoPoi nt Functi onTabl e[[3, 3]17;

1 12 = SRWIwoPoi nt FunctionTabl e[ [4, 3]1;

1 14 = SRWwoPoi nt Functi onTabl e[[6, 3]1;

1 16 = SRWwoPoi nt Functi onTabl e[ [8, 3]17;

1 16 = SRWwoPoi nt Functi onTabl e[[8, 3]17;

1 18 = SRWIwoPoi nt Functi onTabl e[ [10, 3]11;
1110 = SRWIwoPoi nt Functi onTabl e[[12, 3]11;
1 21 = SRWwoPoi nt Functi onTabl e[[3, 4]17;

| 22 = SRWwoPoi nt Functi onTabl e[ [4, 4]17;

1 24 = SRWIwoPoi nt FunctionTabl e[[6, 4]1;

1 26 = SRWIwoPoi nt FunctionTabl e[[8, 4]1;

1 28 = SRWwoPoi nt Functi onTabl e[ [10, 4]1;
1210 = SRWwoPoi nt FunctionTabl e[[12, 4]];
1 31 = SRWIwoPoi nt FunctionTabl e[[3, 5]1;

1 32 = SRWIwoPoi nt FunctionTabl e[[4, 5]1;

1 33 = SRWwoPoi nt Functi onTabl e[ [5, 5]17;

| 34 = SRWwoPoi nt Functi onTabl e[[6, 5]17;

1 36 = SRWIwoPoi nt FunctionTabl e[[8, 5]1;

1 38 = SRWIwoPoi nt Functi onTabl e[ [10, 5]1;
1310 = SRWwoPoi nt FunctionTabl e[[12, 5]];
| 42 = SRWwoPoi nt Functi onTabl e[[4, 6]7;

1 44 = SRWIwoPoi nt FunctionTabl e[[6, 6]1;

1 46 = SRWIwoPoi nt FunctionTabl e[[8, 6]1;

| 48 = SRWwoPoi nt Functi onTabl e[[8, 6]17;
1410 = SRWwoPoi nt FunctionTabl e[[12, 6]];

NFor m[a_1] : = Nunber For m[N[a] , 51;

Label ed[Gi d[Map [NForm SRWIwoPoi nt Functi onTabl e, {2}1,
Alignment -> {{Left, Center}, Baseline, {{2, 12}, {2, 6}} -> {"."}},
Frame -> True, Dividers -> {{2 -> True, -1 -> True}, {2 -> True}},
Spacings -> {1.5, {1.5, 1, {0.5}}}, ItenBtyle -> {1 -> Bold, 1 -> Bold},
Background -> {Automatic, Automatic, {{2, 12}, {2, 6}} -> GrayLevel [0.9]}]1,
Styl e["Val ue of the SRWtwo-point function.", Bold], Top] // Text
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Value of the SRW two—point function.

mn 0. 1. 2. 3. 4,

0. 1 1.0105 1.0323 1.0664 1.1144

1. 0. 0.01053 0.021747 0.034073 0.048019

2. 0.010204 0.01053 0.011217 0.012326 0.013946

3. 0. 0.00032581 0.00068747 0.0011086 0.0016199
o | & 0.00030918 0.00032581 0.00036166 0.00042116 0.00051123

5. 0. 0.00001663 0.00003585 0.000059494  0.000090072

6. 0.000015454  0.00001663 0.00001922 0.000023643  0.000030578

7. 0. 11761x10°%  25904x10°®  44231x10°®  6.9346x10°°

8. 1.0703x10°°  1.1761x10°®  1.4143x10° 1.8327x10°% 25115x10°°

9. 0. 1.0584x107  2.3817x10°7  4.1836x10°7  6.7887x 107’

10. | -1. 1.0584x10°7  1.3233x107  1.8018x10~7  2.6052x10°’

Bound on the two-point function and on repulsive diagrams

Definition of Constants

We define the constants for two setting s: we use s=i for bound on z= z and s=o for bound on ze (z, z) : For z= z, we use the following

relations, that are proven in Section 3.6.2.
1
Z| B —
2d -1e
e-1
2d-1
2d-1
2d
2d-2
2d-1

B 2d-2
GA(X) = B, g (X = C(X).
' 2d-1

gz =e+

g =1+ -1 <e

G =0y B,g (0= g, C(

For z e (z, z;) we know that

2dzg,<2dg,z<I

1
g, <elforalzz ——
2d-1e

2d-1
2d

gh<1l+(g -1

@

2

In the following we implement the basic quantities for the statusi at z; and the status o for z in (7, z), which will allows us to implement

the bound for both (s=i,0) with the same code
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. Exp[l] -1
n7sk= gl ] = Exp[1]
2d-1
g[o] = Exp[1] » Garmal;
gj [i1=Exp[l];
. 2d-1
gj [0] =1+ (g[0o]-1) * ;
j [
rhofi] =gl—[_];
alrl
j [0
rho[o] = ot ];
g[o]

twodgz[i] =2d

glil;
(2d -1) Exp[1]

2d
twodgz[0] = —— Ganmal;
2d

2d

2d-1
2d

2d-1
g)z[i] ;
2d-1

twodgj z[i ]

twodgj z[0] Ganmal,

gj z[o] Gammel,;

2d-1

1-Exp[-11Y
2d-1

Var Ganmal[o] = Gammmal;

VarGanmmall[i] = |1+

. . (2d-2) 2d-2
Var Ganma2[i ] =rho[i] *T; (G (X) 207B,g, (X) < meC(x)*)

; (#G (k)< ConstantGvsC C(k), follows fromf2x)

2
Var Gamma2 [0] = Gamma2 *
2

Var Gamma3[i ] = 1; (*We bound a weighted line by replacing the tree two-
point function with a nornal ons)

Var Gamma3[0] = Gamma3; (G (k) s C(k) *)

Varcl[o] =cl; Varc2[o] =c2; Varc3[o] =c3; Varc4[o] = c4;

Varcl[i] =0; Varc2[i] =0.5; Varc3[i] =0; Varc4[i] = 4;

Further, we define variables to save the number of short SAWSs, as given in Section 5.1.3

n19s)= C2i K = 2; (%Cp (€1+€3) %)
cdik =4 (2d-3) +2 (2d-4); (*Cg(€1+€2) *)
C6ik =16+84 (2d-4) +36 (2d-4) (2d-6) + 6dc3i; (xC4q(€1+€2) *)

c3i (2d-2); (xC3(€1) *)

c5i = (3(2d-2)+4(2d-2) (2d-4)); (xC5(e1) *)

c7i = (14 (2d-2)+62 (2d-2) (2d-4) +27 (2d-2) (2d-4) (2d-6) ) +8dc3i +4dc5i;
(*C7 (e1) *)

Bounds on two-point function
We compute bounds as explained in Section 5.1.2. We begin by computing G, ;(e1) asin (5.1.22)-(5.1.24)
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In[201]:= DO[
Bound [t G7i, s]
Bound [t Gbi, S]
Bound [t G3i, s]
Bound [t Gli, s]
. {s, {i, 0}}]

c7i (gjz[s]) + (twodgj z[s])" 9« Var Gamma2[s] =1 110; (» Gy ,(€1)+)
c5i (gjz[s]1)®+Bound[tGri, s1; (+ G ;(€1)*)

c3i (gjz[s]1)®+Bound[tGBi, s1; (* G ;(€1)*)

gjz[s] +Bound[tG3i, s]; (» G z(€1)%)

Then we compute Gy, ;(e1 + &) and G4 ,(2 &), see (5.1.25)-(5.1.26) :
in202)= Do [

d
Bound [t GBi k, s] = d_ (twodgj z[0]) *8 Var Ganma2[s] | 110; (*Gg (ey+€2) *)
1

Bound [t G6i k, s] =c6ikgjz[s]"6+VarGamma2([s] | 18; (xGs(e1+e2)*)

Bound [t G4i k, s] = Bound [t GBi k, s] + (c4ik-2 (2d-3) ) gjz[s]* (*G (er+ez)%*)
Bound [t Qi k, s] = Bound [t G4i k, s] + (c2i k -1) gj z[S]?; (G (e1+€2) *)

(»Bound [t G4i i, s]=(2d+2)gj z[s]*+Bound [t GB, s]; (* Bound for sup,Gi(2 e1)*)+)
. {s, {i, 0}}]

We compute the supreme of the two-point function as given in (5.1.27)-(5.1.31):

in203:= Do
B([)und [tG6, s] = Max[c6ikgjz[s]® c7i gjz[s]’] + (twodgjz[s])"8 VarGamma2[s] | 18;
(+ Bound for sup,Gs(X)*)
Bound [t G4, s] = Max[c4ik gjz[s]* c5i gjz[s]°]+Bound[tG6, s];
(* Bound for sup,Gs(X)=*)
Bound [t @, s] = Max[c2i k gj z[s]? c3i gjz[s]®] +Bound[tG4, s];
(* Bound for sup,G(x)*)
Bound [t Gl, s] = Max[Bound[tGli, s], Bound[t @2, s]]; (* Bound for sup,G (x)=*)
. {s, {i, 0}}]

Closed repulsive diagrams

We define the bounds on the closed repulsive diagrams as desribed in Section 5.1.2 in (5.1.34)-(5.1.36). The bound does only depent on the
total number of steps and the number of tw-point functions involved. It does not depent on the indivitual length of the pieces my, my, ... and
of the orientation of the arrows.
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In[204]:= DO[

Bound [Cl osedRepLoop, 4, s] =twodgj z[s] Bound[tG3i, S];
Bound [Cl osedRepBubbl e, 4, s] =

gjz[s]* (2dc3i) +3gjz[s]1® (2dc5i) +5gjz[s]® (2dc7i) +

6 twodgj z [s]° Var Gamma2[s] 1 110 + t wodgj z [s]%° Var Gamma2 [s]2 | 210;
Bound [Cl osedRepBubbl e, 3, s] =

Bound [C osedRepLoop, 4, s] +Bound[d osedRepBubbl e, 4, s1;
Bound [Cl osedRepTri angl e, 4, s] =

(4+1-4) (4+2-4) (6+1-4) (6+2-4)

. giz[s]* (2dc3i) + . gjz[s1® (2dc5i) +
(8+1-4) (8+2-4) )

. gjz[s]1® (2dc7i) +
(10 - 4) (9 - 4)

twodgj z[s]1° Var Ganma2[s] | 110 + 6 t wodgj z [s]1'° Var Gamma2 [s]2% | 210 +
2

twodgj z [s]1'° Var Gamma2[s]° | 310;
Bound [Cl osedRepTri angle, 3, s] =
Bound [Cl osedRepTri angl e, 4, s] + Bound[Cl osedRepBubbl e, 3, sJ;
Bound [Cl osedRepTri angle, 2, s] =
Bound [C osedRepTri angl e, 3, s] +Bound[Cl osedRepBubbl e, 3, s] +
Bound [Cl osedRepLoop, 4, s];
Bound [Cl osedRepSquare, 4, s] =
gjz[s]* (2dc3i) +10gjz[s]® (2dc5i) +35gjz[s]® (2dc7i) +
(10-4) (9-4)

84 twodgj z [s1'° Var Gamma2[s] 1 110 + —————————— twodgj z [s]1° Var Garma2[s]12 1210 +
2
6 twodgj z [s]° Var Ganma2[s]3 1 310 + t wodgj z [s]11° Var Garma2 [s]14 | 410;
. {s, {i, 0}}]

Open repulsive diagrams
Then we define the bound on the open repulsive diagrams asin (5.1.38):
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In[205]:= DO[
Bound [OpenRepBubbl e, 2, s] =
Max [c2i k gj z[s]?+3c4ikgjz[s]*+5c6ikgjz[s]®
2c3i gjz[s]®+4c5i gjz[s]°+6¢c7i gjz[s]'] +6twodgjz[s]® VarGamma2([s] | 18 +
twodgj z [s]® Var Gamma2 [s]2 | 28;
Bound [OpenRepBubbl e, 3, s] =
Max [2 c4ik gj z[s]* +4 c6ik gjz[s]° c3i gjz[s]®+3c5i gjz[s]®+5¢c7i gjz[s]'] +
5twodgj z[s]® Var Gamma2[s] | 18 + t wodgj z [s]1® Var Gamma2 [s]2 | 28;
Bound [OpenRepBubbl e, 4, s] =
Max [c4ik gjz[s]*+3c6ikgjz[s]® c5i gjz[s]°+4c7i gjz[s]'] +
4 twodgj z[s]1® Var Gamma2[s] | 18 + t wodgj z [s]18 Var Garma2[s]? | 28;
Bound [OpenRepTri angle, 1, s] =
Max [3c2i k gj z[s]%+ 10 c4ik gjz[s]* + 21 c6i k gj z[s]°,
gjz[s]+6c3i gjz[s]®+15¢c5i gjz[s]®+28¢c7i gjz[s]'] +
(8-1) (7-1)
2
twodgj z [s1® Var Ganma2 [s]° | 38;
Bound [OpenRepTri angle, 2, s] =
Max [c2i k gj z[s]?+ 6 c4ikgjz[s]*+15c6ikgjz[s]®,
3c3i gjz[s]®+10c5i gjz[s]°>+21c7i gjz[s]'] +
(8-2) (7-2)
2
twodgj z [s1® Var Garma2[s]1°% | 38;
Bound [OpenRepTri angle, 3, s] =
Max [3 c4ik gj z[s]* + 10 c6ik gj z[s]°, c3i gjz[s]®+6c5i gjz[s]®+15¢c7i gjz[s]'] +
(8-3) (7-3)
2
twodgj z [s]® Var Garma2[s]1° | 38;
Bound [OpenRepSquare, 3, s] =
Max [4 c4ik gj z[s]* +20c6ik gj z[s1°, c3i gjz[s]®+10c5i gjz[s]°+35¢c7i gjz[s]] +

(8-3) (7-3)
56 t wodgj z [s]18 Var Garma2 [S] I18+f twodgj z[s]1® Var Gamma2[s]12 128 +

twodgj z[s1® Var Ganma2[s] 1 18 + 7 t wodgj z [s1® Var Gamma2 [s]12 | 28 +

twodgj z[s]® Var Gamma2[s] | 18 + 6 t wodgj z [s]18 Var Garma2[s]2 128 +

twodgj z[s]® Var Gamma2[s] | 18 + 5t wodgj z [s]18 Var Garma2[s]2 1 28 +

5 twodgj z [s]® Var Gamma2[s]° | 38 + t wodgj z [s]8 Var Gamma2 [s 1% | 48;
. {s, {i, 0}}]

Weighted Diagrams
We define weighted diagams as explained in Section 5.1., e.g. (5.1.19) and (5.1.42)-(5.1.49) we derive weighted closed diagrams
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In[206]:= DO[
Bound [Wei ght edCl osedBubbl e, 4, s] =
twodgj z[s]* Var Garma2[s] Var Ganma3[s] (Varcl[s] 124 + (2 Varc2[s] + Varc3[s]) | 34);
Bound [Wei ght edCl osedBubbl e, 2, s] =
Bound [W¢i ght edCl osedBubbl e, 4, s]+8dgjz[s]® (gjz[s]* (2d-2) »2+Bound[tG5, s]) +
8dgjz[s]? (2d-2) (gjz[s]*+Bound[tGhik, s]) +

d d
2dgjz[s]1® | Bound[t&Bi, s]+3 (2d-2) — d—twodgjz[s]3VarGamra2[s] 116 +

5(2d-2)

Bound [t G5, Ss] +

9 (giz[s]®*+3(2d-2) gjz[s]® +Bound[tG5, s])|;

Bound [Wei ght edd osedBubbl e, 0, s] =
Bound [Wei ght edd osedBubbl e, 2, s] +twodgj z[s] Bound [t G3i, S];

Bound [Wei ght edd osedTri angl e, 4, s] =
twodgj z [s]? Var Garma2[s]2 Var Gamma3[s] (Varcl[s] 134 + (2 Varc2[s] +Varc3[s]) | 44);
Bound [Wei ght edd osedTri angl e, 2, s] =
2 Bound [Wei ght edCl osedBubbl e, 4, s] + Bound [Wi ght edCl osedTri angl e, 4, s] +
8dgjz[s]? (giz[s]* (2d-2) »2+Bound[tGB, s]) +
8dgjz[s]? (2d-2) (gjz[s]*+Bound[tGik, s]) +

d d
4dgjz[s]® |Bound[tG3i, s]+3 (2d-2) P d—tv\Ddgjz[s]3VarGamra2[s] 116 +
2

5(2d-2) Bound [t GB, s]+ 9 (gjz[s]?+3 (2d-2) gjz[s]°+Bound[tGB, s])|;

. {s, {i, 0}}]
Then we bound the open diagram using (5.1.19), for aodd number we used Chauchy-Schwarz to obtain an improved bound

|9
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In[207]:= DO[
Bound [Wei ght edOpenBubbl e, 0, s] =
Var Gamma2 [s] Var Gamma3([s] (Varcl[s] 120+ (2 Varc2[s] + Varc4([s]) |1 30);
Bound [Wei ght edOpenBubbl e, 2, s] =
twodgj z[s]? Var Garma2[s] Var Ganma3[s] (Varcl[s] 122+ (2Varc2[s] + Varc4[s]) | 32);
Bound [Wei ght edOpenBubbl e, 1, s] =
twodgj z[s] Var Ganma2 [s] Var Ganma3 [S]
\/((Varcl[s] 120 + (2Varc2[s] +Varc4[s]) | 30)
(Varcl[s] 122+ (2Varc2[s] +Varc4([s]) |132));
Bound [Wei ght edOpenBubbl e, 3, s] =
twodgj z [s]° Var Ganma2 [s] Var Ganma3[s]
4/ ((Varcl[s] 122+ (2Varc2[s] +Varc4[s]) | 32)
(Varcl[s] 124+ (2Varc2[s] +Varc4([s]) | 34));

Bound [Wei ght edOpenTri angl e, 0, s] =
Var Garma2 [s]1? Var Gamma3[s] (Varcl[s] 130 + (2 Varc2[s] + Varc4[s]) | 40);
Bound [Wei ght edQpenTri angl e, 2, s] =
twodgj z [s]? Var Garma2[s]2 Var Gamma3[s] (Varcl[s] 132+ (2Varc2[s] +Varc4[s]) | 42);
Bound [Wei ght edOpenTri angle, 1, s] =
twodgj z [s] Var Gamma2 [s]? Var Ganma3 [s]
\/((Varcl[s] 130 + (2Varc2[s] +Varc4[s]) | 40)
(Varcl[s] 132+ (2Varc2[s] +Varc4([s]) 142));
Bound [Wei ght edOpenTri angl e, 3, s] =
twodgj z [s]° Var Garma2 [s]? Var Ganma3 [s]
4/ ((Varcl[s] 132+ (2Varc2[s] +Varc4[s]) |42)
(Varcl[s] 134+ (2Varc2[s] +Varc4([s]) |144));

. {s, {i, o}}]
We define the elements as given in (4.3.31)-(4.3.37) and (4.3.49)-(4.3.51)
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In[208]:= DO[
Bound[Delta, |, 0, s] =2twodgjz[s] Bound[tG3i, Ss] +
2 Bound [Wi ght edd osedBubbl e, 2, s] + Bound [Wi ght edd osedTri angl e, 2, s1;

Bound [Wei ght edd osedBubbl e, 2, s]
Bound[Delta, |, 1, s] =Bound[tG3i, S] + +
twodgj z [S]

Bound [Wei ght edd osedTri angl e, 2, s] _

’

twodgj z [s]
Bound[Delta, |, 2, s] = Bound[Wei ght edOpenTri angle, 0, sJ;
5 Bound [Wei ght edOpenBubbl e, 2, s]

Bound[Delta, |, 3, s]

+

twodgj z[S]
) Bound [Wei ght edOpenTri angl e, 3, s] _

twodgj z [S]
Bound[Del ta, |, 4, s] = Bound[Wei ght edOpenBubbl e, 1, s] +
Bound [Wei ght edOpenBubbl e, 2, s] ) Bound [Wei ght edOpenTri angl e, 2, s]
. .

twodgj z [s] twodgj z [S]

Bound [Wei ght edd osedTri angl e, 2, s]
Bound[Delta, I, 5, s] ;

’

t wodgj z [s]?
Bound[Delta, |, 6, s] =2 Bound[Wi ght edCl osedBubbl e, 2, s] +
Bound [Wei ght edCl osedTri angl e, 4, s1;

Bound[Delta, II, 0, s] =
twodgj z[s] Bound [t G3i, s] + Bound[Wei ght edC osedBubbl e, 2, s] +
Bound [Wei ght edCl osedTri angl e, 2, s1;
Bound [Wei ght eddl osedTri angl e, 2, s]

Bound[Delta, II, 1, s] = ;
twodgj z [s]

Bound[Delta, I, 2, s] = Bound[Wi ght edOpenTriangle, 1, s];

. {s, {i, o}}]

Bound on the coefficients
Definition of Initial Pieces (P, P*)
To implement the bound of N=1 we define the boulding matricies given in (4.3.27)-(4.3.53):

In[209]:= DO[
(» definition of first peices, inpendent of fiotax)
Bound[P1, O, O, s] =
(3 Bound [Cl osedRepLoop, 4, s] + 3 Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]);
Bound[P1, O, 1, s] =
(2 Bound [Cl osedRepLoop, 4, s] + Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]);
Bound[P1, 0, 2, s] =
(Bound [Cl osedRepLoop, 4, s] +Bound[Cd osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s] + Bound[Cl osedRepSquare, 4, s]);
Bound [P1, O, -1, s] =
(Bound [Cl osedRepLoop, 4, s] +2 Bound[C osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]);
Bound[P1, O, -2, s] =
(Bound [Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepSquare, 4, s]);;
(» definition of first peices, first step of the backbone goes to e )
Do[Bound[Pl, IotaStep, t, s] = Bound[P1, O, t, s], {t, {-2, -1, 0, 1, 2}}1;
Bound [P1, lotaRi b, 0, s] =
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2d [Bound[tGli, s] Bound[P1, 0, 0, s] +Bound[C osedRepBubble, 4, s] +

2 Bound [t &, s] Bound[Cl osedRepLoop, 4, s] +
Bound [t Gl, s] Bound[Cl osedRepBubbl e, 4, s] +

1
Bound [t G3i, s] —— — Bound [Cl osedRepBubbl e, 3, s] +
twodgj z [S]

(Bound [Cl osedRepBubbl e, 4, s])

Bound [OpenRepBubbl e, 2, s] (*C#X,
twodgj z [s]

domega=1%) + 2 Bound [QpenRepBubbl e, 3, s]

(Bound [tGli, s]+ Bound [C osedRepBubbl e, 3, s]] (*C#X,

twodgj z [S]
domegaz 2; U#v=xx) + Bound [QpenRepTri angle, 3, s]
1
(Bound[t Gli, s] + —— Bound [C osedRepBubbl e, 3, s]] (*u;év;éx*)];
twodgj z[S]

(»definition of the first piece if e is somewhere on the first ribx)
Bound[P1, lotaRi b, 1, s] =

2d [Bound [t Gli, s]Bound[P1, O, 1, s] +Bound[Cl osedRepBubbl e, 4, s] +
Bound [Cl osedRepBubbl e, 4, s] + Bound[Cl osedRepTri angl e, 4, s] +
—— Bound [ osedRepBubbl e, 3, s] Bound [OpenRepBubbl e, 2, s] +
twodgj z [S]

1
[Bound [t Gli, s] + ——  Bound [Cl osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepTri angl e, 3, s]|;
Bound[P1, lotaRi b, 2, s] =
2d (Bound[t Gli, s] Bound[P1, 0, 2, s] +

1
[Bound [t Gli, s] + —— Bound [Cl osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepSquare, 3, s]|;
Bound[P1, lotaRi b, -2, s] =
2d (Bound[t Gli, s] Bound[P1, 0, -2, s] +

1
[Bound [t Gli, s] + —— Bound [Cl osedRepBubbl e, 3, s]
twodgj z [s]

Bound [OpenRepSquare, 3, s]|;
Bound[P1, lotaRi b, -1, s] =
2d (Bound[t Gli, s] Bound[P1, O, -1, s] +

Bound [t Gl, s] (Bound[Cl osedRepLoop, 4, s] +Bound[Cl osedRepBubbl e, 4, s] +
Bound [Cl osedRepTri angl e, 4, s]) +

1
[Bound [t Gli, s] + —— Bound [Cl osedRepBubbl e, 3, s]
twodgj z[s]

Bound [OpenRepTri angl e, 3, s]|;

. {s, {i, 0}}]
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Definition of Initial Pieces (Q, Q")
Now we define the vectors for the first diagram of the coefficients (4.4.6)-(4.4.23)

In[210]:= DO[
(» definition of first pieces, inpendent of fiotax)
Bound [Q0, 0, s] = Bound[Cl osedRepLoop, 4, s] + Bound[Cl osedRepBubbl e, 4, sJ;
Bound[Q0, 1, s] = Bound [t G3i, s] + Bound[d osedRepBubbl e, 4, s];
Bound [Q), 2, s] = Bound[Cl osedRepBubbl e, 4, s] + Bound[Cl osedRepTri angl e, 4, s1;

Do[ (xLine (4.4.10) =)
Bound[QL, t, s] =Bound[P1, O, t, s] +
Sum[Bound [Q0, r, s] Bound[A, -r, t, s1, {r, 0, 2}1;
» {t, (-2, -1, 0, 1, 2}}];
Bound [Q0, sausage, pl, O, s] =

Bound [t Gli, s]
Bound [t G3i, s] Bound[tGli, s] +Bound[C osedRepBubbl e, 3, s] —mm ™ +

gj z[s]
Bound [t &, s] (Bound[Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 3, s]) +
Bound [t Gl, s] (Bound[Cl osedRepBubbl e, 4, s] + Bound [Cl osedRepTri angl e, 4, s]);
Bound [Q0, sausage, 0, s] =
Bound [t Gli, s] Bound[Q0, O, s] +Bound[Q0, sausage, pl, 0, sJ;
Bound [Q0, sausage, pl, 1, s] =
Bound [t Gli, s]

Bound [t Gli, s] Bound[Q0, 1, s] +Bound[C osedRepBubble, 3, s] ——— +
g z[s]
Bound [t Gli, s]
(Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubble, 3, s]) — +
g z[s]

Bound [t &R, s]
(Bound [Cl osedRepBubbl e, 3, s] + Bound[Cl osedRepLoop, 4, s] +
Bound [Cl osedRepBubbl e, 3, s]) +
Bound [t Gl, s] (Bound[Cl osedRepTri angl e, 4, s] +Bound[Cl osedRepTri angle, 3, s1);
Bound [Q0, sausage, 1, s] =
Bound [t Gli, s] Bound[Q0, 1, s] +Bound[Q0, sausage, pl, 1, sJ;
Bound [Q0, sausage, pl, 2, s] =

Bound [t Gli, s]
(2 Bound [Cl osedRepTri angl e, 3, s] +Bound[Cl osedRepBubbl e, 3, s]) — +

gjz[s]
Bound [t Gl, s] Bound[Cl osedRepSquare, 4, s] +
Bound [t &, s] Bound[Cl osedRepTriangle, 3, s] +
Bound [t Gl, s] Bound[Cl osedRepSquare, 4, s];
Bound [Q0, sausage, 2, S] =
Bound [t Gli, s] Bound[Q0, 2, s] +Bound[Q0, sausage, pl, 2, s];
Do[ («Line (4.4.14) «)
Bound[Ql, sausage, t, s] = Sum[Bound[Q0, sausage, r, s] Bound[A, -r, t, s]1,
{r, 0, 2}1;
(* inprovement ot (4.4.22)x%)
Bound[QLl, step, t, s] =
(gi z[s1% + Bound [t G4i k, s]) Bound [t GAik, s]
(Bound[A, 0, t, s] +2Bound[A, -1, t, s]) +

Bound [t Qi k, s]
Bound [Cl osedRepBubbl e, 4, s] - Bound[A, -2, t, s];
9] z[s]

(* inprovement ot (4.4.23)x%)

Bound[QL, iota, t, s] =Bound[Pl, IotaStep, t, s] +Bound[P1, lotaRi b, t, s] +
Bound[Ql, sausage, t, s] +Bound[QL, step, t, s];

oAt (-2, -1, 0, 1, 2}}3];

. {s, {i, 0}}]
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Definition of the intermediate pieces (A A)

In[211]:= DO[
(»definition of iternedi ate peices, where one shared edges is countedx)
Do[Bound[A, 0, a, s] = Bound[P1, 0, a, s], {a, {-2, -1, 0, 1, 2}}1;
Bound[A, 1, 0, s] =
Bound [t G3i, s] +

——  (Bound [Cl osedRepLoop, 4, s] +2 Bound[C osedRepBubbl e, 4, s] +
twodgj z [s]

Bound [Cl osedRepTri angl e, 4, s]);
Bound[A, 2, 0, s] = Bound [OpenRepBubbl e, 2, s] + Bound [OpenRepTri angle, 2, s];

Bound[A, 1, 1, s] =

—— (Bound [Cl osedRepLoop, 4, s] + Bound[C osedRepBubbl e, 4, s] +
twodgj z[S]

Bound [Cl osedRepTri angl e, 4, s]);

Bound [Cl osedRepTri angl e, 4, s]
Bound[A, 1, 2, s] = ;

’

twodgj z[S]
Bound[A, 2, 1, s] = Bound[OQpenRepTri angle, 2, s1;
Bound[A, 2, 2, s] = Bound[OpenRepSquare, 3, s1;

Do [

Bound[A, -t1, O, s] = Bound[A, t1, 0, s1;
, {t1, 1, 2}1;

Clear[tl];

(»definition of iternedi ate peices, where both shared edges are not counteds)
Do[Bound[Abar, a, 0, s] =gj [s] Bound[A, a, 0, s], {a, {-2, -1, 0, 1, 2}}1;

(% (4. 3.25) %)

Do[Bound[Abar, 0, a, s] =9j [s] Bound[A, a, 0, s], {a, {-2, -1, 0, 1, 2}}1;

(% (4. 3.26) )

Bound[Abar, 1, 1, s] =

gj [s]

1
——— (Bound [Cl osedRepLoop, 4, s] +Bound[C osedRepBubbl e, 4, s] +
(twodgj z[s1)?

Bound [Cl osedRepTri angl e, 4, s]);
Bound [OpenRepTri angl e, 2, s] .

Bound[Abar, 1, 2, s] =gj [s]

twodgj z [S]
Bound [Abar, 1, 2, s]J;
gj [s] Bound[OpenRepTri angle, 1, sI;

Bound[Abar, 2, 1, s]
Bound [Abar, 2, 2, s]

(*Using Symmetrie we define the other onesx)
Do [Do [
Do
Bound[t, a, -b, s] =Bound[t, a, b, s];
Bound[t, -a, b, s] =Bound[t, a, b, s];
Bound[t, -a, -b, s] = Bound[t, a, b, sJ;
v {a, {1, 2331, {b, {1, 2}}1, {t, {A Abar}}l;
(*the nmore conpl ex piecesx)
L gs, (i, on;
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Definition of the Delta entries

In[212]:= DO[
Bound[Del ta, start, 2, s]
Bound[Del ta, start, 1, s] =Bound[Delta, I, 1, s];
Bound[Del ta, start, 0, s] =Bound[Delta, I, O, sJ;
Bound[Del ta, start, -1, s] =Bound[Delta, I, 1, sJ;
Bound[Del ta, start, -2, s] =Bound[Delta, |, 2, sJ;

Bound[Delta, I, 2, s];

Bound[Del ta, end, 2, s] =Bound[Delta, I, 4, s1;
Bound[Del ta, end, 1, s] = Bound[Delta, I, 3, s1;
Bound[Del ta, end, O, s] =Bound[Delta, |, 0, sJ;
Bound[Delta, end, -1, s] = Bound[Delta, I, 1, s];
Bound[Del ta, end, -2, s] =Bound[Delta, I, 2, s];

Bound[Delta, 0, O, s] =Bound[Delta, |, O, s];
Bound[Delta, 1, 0, s] =Bound[Delta, |, 3, s];
Bound[Delta, O, -1, s] = Bound[Delta, I, 1, s1;
Bound[Delta, -1, O, s] = Bound[Delta, I, 1, s1;
Bound[Delta, O, 1, s] =Bound[Delta, |, 1, s];
Bound[Delta, -1, 1, s] =Bound[Delta, I, 5, s];
Bound[Delta, -1, -1, s] =Bound[Delta, I, 5, s];
Bound[Delta, 1, 1, s] = Bound[Delta, |, 6, s];
Bound[Delta, 1, -1, s] =Bound[Delta, I, 6, s];

Do [

Bound[Delta, -2, t, s] = Bound[Delta, I, 2, s];

Bound[Del ta, 2, t, s] =2Bound[Delta, I, 2, s];

o {t, -2, 2}1;

Bound[Delta, -1, 2, s] = Bound[Delta, I, 2, s];

Bound[Delta, -1, -2, s] =Bound[Delta, I, 2, s];

Bound[Delta, 1, 2, s] =2Bound[Delta, |, 2, s];

Bound[Delta, 1, -2, s] =2Bound[Delta, I, 2, s];

Bound[Delta, 0, 2, s] =Bound[Delta, |, 2, s];

Bound[Delta, O, -2, s] = Bound[Delta, I, 2, s];

o]

Bound[Delta, iotal, t, s] =Bound[Delta, Il, Abs[t], s] +Bound[Delta, |, Abs[t], S] +
Bound [t Gli, s] Bound[Delta, O, t, s] +Bound[tG3i, s] Bound[Delta, -1, t, s] +
Bound [Cl osedRepBubbl e, 4, s]

Bound[Del ta, -2, t, s];
twodgj z[s]

Bound[Delta, iotall, t, s] =
Bound[Delta, II, Abs[t], s]+Bound[Delta, I, Abs[t], S] +
Bound [t Gli, s] Bound[Delta, O, t, s]+2Bound[t&3i, s] Bound[Delta, -1, t, s] +
) Bound [Cl osedRepBubbl e, 4, s]

Bound[Delta, -2, t, s]+
twodgj z [s]

2twodgj z[s] Bound[P1, lotaRi b, t, sJ;
Il {tv _21 2}]1

. {s, {i, 0}}]

Then we defone the pieces for the non-trivial first triangle (b, + 0) and the entries to bound E,(0) — Z,(k), see (4.4.25)-(4.4.28):
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In[213]:= DO[
Bound [hQZero, 0, s] =twodgj z[s] Bound [t G3i, s] +Bound[Wi ght edd osedBubbl e, 2, s];

Bound [Wei ght edd osedBubbl e, 2, s]
Bound [hQZero, 1, s] = Bound[t&3i, s] + ;
twodgj z[S]

Bound [hQZer o, 2, s] = Bound[Wei ght edd osedBubbl e, 0, sJ;
Do [
Bound[Del taQ start, t, s] =Bound[Delta, start, t, s] +
2 (Sum[Bound[QLl, c, s] Bound[Delta, c, -2, s] +
Bound [hQZero, ¢, s] Bound[A, c, t, s], {c, 0, 2}1);
» {t, =2, 2}
» {s, {0, 0}}]:

Next we bound al°'@ ! and al°t@ !l as drawn Fi gure 4. 18. Thefirst andthird i mages contribution
al sopresent for LT. The first boundthe seconddiagram(bg = (v, ;) )wthn+ O (step).

AS next we bound a' ©ta: ! and Al ota. I a5 drawn in Figure 4.18. The first and third diagram are also present for LT and are bounded by
Bound[Delta,iotal or iotal ,t,s]. The second diagram corresponds to (bg = (v, €1), withv # 0. we bound this diagram in Bound[DeltaQ,|/I-
I,step,t,s]. Then be bound the fourth diagam (ribpartl). Then we declare the bounds on forth and sixth diagram (ribpart2)

in2141= Do [
Do [
Bound[DeltaQ II, step, t, s] =
Bound [t Qi k, s] Bound [t G3i, s] (Bound[Delta, -1, t, s] +2Bound[Delta, -2, t, s]) +
Bound [t Qi k, s] Bound[OpenRepBubbl e, 4, s] Bound[Delta, -2, t, s];
Bound[DeltaQ |, step, t, s] =
Bound[DeltaQ II, step, t, s]+
Bound [t Qi k, s] Bound[t G3i, s] (Bound[Abar, -1, t, s] +2Bound[Abar, -2, t, s]) +
Bound [t Qi k, s] Bound[QpenRepBubbl e, 4, s] Bound[Abar, -2, t, s1;
Bound[DeltaQ |, ribpartl, t, s] =
2dBound[tGli, s]
(Bound[Del ta, start, -t, s] +
2 (Sum[Bound[P1, 0, -c, s] Bound[Delta, -c, t, s] +
Bound[Del ta, start, -c, s] Bound[A, -c, t, s], {c, 0, 2}1)); (* u = 0 %)
Bound[DeltaQ I, ribpartl, t, s] =
Bound[DeltaQ |, ribpartl, t, s]+
2dBound[tGli, s] Sum[Bound[P1, 0, -c, s] Bound[A, -c, t, s], {c, O, 2}7;

Bound[DeltaQ |, ribpart2, t, s] =
2 Sum[Bound [Q0, sausage, pl, c, s] Bound[Delta, -c, t, s], {c, 0, 2}] +
2 Bound [Wei ght edOpenBubbl e, 0, s] Bound [OpenRepTri angl e, 3, s]
Sum[ Bound [A, -c, t, s], {c, 0, 2}] +
2 Bound [Wei ght edd osedTri angl e, 2, s] Bound[tGl, s]
(Bound[A, O, t, s]+Bound[A, 2, t, s]) +
2 Bound [Wei ght eddl osedBubbl e, 2, s] Bound[tGl, s] Bound[A, 2, t, s]+
4 Bound [Wi ght edOpenBubbl e, 0, s] Bound[Cl osedRepTri angl e, 3, s];
Bound[DeltaQ II, ribpart2, t, s] =
Bound[DeltaQ |, ribpart2, t, s]+
Sum[Bound [Q0, sausage, r, s] Bound[A, -r, t, s], {r, 0, 2}]
, {t, -2, 2}1;
Do [
Bound[DeltaQ |, t, s] =Bound[Delta, iotal, t, s] +
Sum[Bound[Del taQ I, a, t, s], {a, {step, ribpartl, ribpart2}}7;

Bound[DeltaQ I, t, s] =

Bound[Delta, iotall, t, s] +Sum[Bound[DeltaQ II, a, t, s],
{a, {step, ribpartl, ribpart2}}1;

, {t, -2, 2}

v {s, {i, 0}}]
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Definition of the vectors and matices
We condition on the length of the backone and indentify whether the backbone is on the top or bottom of the diagram.

-t he backboneinonthebottom d (u, v) = 2.
-t he backboneinonthebottom d (u, v) =1.
u=v
-t he backboneinonthetop, d (u, v) =1.
-the backboneinonthetop, d (u, v) = 2.

in2151= Do [
VectorPl[normal, s] = Tabl e[Bound[P1, O, r -3, s], {r, 1, 5}1;
VectorPl[iota, s] = Tabl e[Bound[P1, IotaStep, r -3, s] +Bound[P1, lotaRi b, r -3, s],
{r, 1, 5}1;
VectorQL[normal, s] = Tabl e[Bound[QL, r -3, s], {r, 1, 5}1;
VectorQL[iota, s] = Tabl e[Bound[QL, iota, r -3, s], {r, 1, 5}1;

(xMatri xA[s]=Tabl e[Max [Bound [A, r -3,t -3, s], Bound[A, t -3,r-3,s]], {t, 1,5},
{r,1,5}1; %)

Matri xA[s] = Tabl e[Bound[A, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}7;

Matri xAbar [s] = Tabl e[Bound[Abar, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}7;

Vect or Abar [s] = Tabl e[Bound[Abar, r -3, 0, s], {r, 1, 5}1;

VectorDelta[startQ s] = Tabl e[Bound[Del taQ start, r -3, s], {r, 1, 5}1;
VectorDel ta[end, s] = Tabl e[Bound[Delta, end, r -3, s1, {r, 1, 5}7;
VectorDeltaliotalQ s] = Tabl e[Bound[DeltaQ I, r -3, s], {r, 1, 5}1;

VectorDeltaliotallQ s] = Tabl e[Bound[DeltaQ II, r -3, s], {r, 1, 5}1;
Matri xDelta[s] = Tabl e[Bound[Delta, r -3, t -3, s], {t, 1, 5}, {r, 1, 5}1;
, {s, {i, 0}}]

To compute the geometric sum over matricies we compute a representation of P® and PO by eigenvalue of the matricies A:

iniz161:= Do [
Ei genA[s] = Ei gensystem[Transpose[Matri xA[s]1]1];
I nver seProduct P[normal , s] =
I nverse[Transpose [Ei genA[s][[2]]1]1]. VectorP1[normal, s1;
I nver seProduct Q[normal , s] =
I nverse[Transpose [Ei genA[s][[2]]]]. VectorQLl[normal, s];
I nver seProduct Q[i ota, s] = Inverse[Transpose[Ei genA[s][[2]]]]. VectorQl[iota, s];

Do[
Ei genVectorP[normal, j, s] = EigenA[s][[2, j]1] *InverseProductP[normal, s1[[j]1];
Ei genVectorQ[normal, j, s] = EigenA[s][[2, j1] *InverseProductQ[normal, s1[[j1];

Ei genVectorQ[iota, j, s] = EigenA[s][[2, j]1] *InverseProductQ[iota, s][[j11;
Ei genVal ue[j, s] = EigenA[s][[1, j11;
» {i» 1, 5}]
, {s, {i, 0}}]
Bound for k=0
Now we first implement the bound on the absol ute values of the coefficients stated in Lemma4.4.5,4.4.6 and Proposition 4.4.8

|17
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In[217]:= DO[
Bound [Xi, normal, 0, s] = Bound[d osedRepBubbl e, 3, s]; (*Bound for =,
we extract the contribtion of =i (0)=1, explicitly in the anal ysis«)
Bound[Xi, iota, 0, s] = Bound[C osedRepBubbl e, 3, s] +
rho[s] Bound[tGl, s] (1 + Bound[Cl osedRepBubbl e, 3, s]);

Bound[Xi, normal, 1, s] =rho[s] Bound[Ql, O, s];
rhof[s

1
Bound[Xi, iota, 1, s] = Bound[QL, iota, O, s];

factor [normal ] =rho[s];

rho[s]
factor [iota] = ;
2d

Do
B(Eund[Xi, t, 2, s] =factor [t] VectorQL[t, s].VectorAbar [s];
Bound[Xi, t, 3, s] =
factor [t] VectorQL[t, s]. Matri xAbar [s]. VectorPl[nornal, sJ;
Bound[Xi, t, EvenTail, s] =
Bound[Xi, t, 2, s] +
Abs |
factor [t]
Sum[Ei genVectorQ[t, j, s].MatrixAbar [s]. VectorP1[normal, s] /
(1-Eigenvalue[j, s]%) Ei genval ue[j, s], {j, 1, 5}]];
Bound[Xi, t, OddTail, s] =
Bound[Xi, t, 3, s] +
Abs [
factor [t]
Sum[Ei genVector Q[t, j, s]. MatrixAbar [s]. VectorPl[normal, s]/
(1 -Ei genval ue[j, 3]2) Ei genval ue[j, s1?, {j, 1, 5}]];
, {t, {normal, iota}}];
Bound[Xi, normal, Even, s] = Bound[Xi, nornal, EvenTail, sJ;
(» recall here that extract the contribtion of =() (x)=6px in the analysis. )
Bound[Xi, iota, Even, s] =Bound[Xi, iota, O, s] +Bound[Xi, iota, EvenTail, s];

Do[

Bound[Xi, t, Odd, s] = Bound[Xi, t, 1, s] +Bound[Xi, t, OddTail, s1;
Bound[Xi, t, Absolut, s] =Bound[Xi, t, Gdd, s] +Bound[Xi, t, Even, s];
, {t, {normal, iota}}];

. {s, {i, o]

ANN)  A(N)
Boundsfor E (0)-2 (k) for N=0,1,2,3

We now compute the bound as givenin Lemma4.4.5,4.4.6 and Proposition 4.4.8
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in218):= Do [
Bound [Xi, normal, O, Delta, 0, s] = Bound[Wi ght edCl osedBubbl e, 0, s1;
Bound[Xi, iota, O, Delta, 0, s] =
(1+(2d-1) Bound [t Gli, s]) Bound[Wei ght edd osedBubbl e, 2, sJ;

Bound[Xi, iota, O, Delta, ei, s] =
Bound [Wei ght edd osedBubbl e, 2, s] +2dBound[tGli, s] +
2 (2d Bound[tGl, s] Bound[Cl osedRepBubbl e, 3, s] +
2 d Bound[t Gl, s] Bound[Wi ght edd osedBubbl e, 2, s]) ;

Bound[Xi, iota, 1, Delta, O, s] =rho[s] Bound[DeltaQ I, 0, sJ;
Bound[Xi, iota, 1, Delta, ei, s] =rho[s] Bound[DeltaQ II, 0, s1;
Bound[Xi, normal, 1, Delta, 0, s] =rho[s] Bound[DeltaQ start, 0, s];

Bound[Xi, normal, 2, Delta, 0, s] =
2rho[s] (VectorQl[nornel, s].VectorDeltaf[end, s] +
VectorDelta[startQ s].VectorPl[normal, s]);
Bound[Xi, iota, 2, Delta, 0, s] =
2rhof[s]
(VectorQLl[iota, s].VectorDeltalend, s] +
VectorDeltaf[iotal Q s].VectorPl[normal, s]);
Bound[Xi, iota, 2, Delta, ei, s] =
2rhof[s]
(VectorQl[iota, s]. VectorDeltalend, s] +
VectorDeltaf[iotall Q s].VectorPl[nornmal, s]);

. {s, {i, 0}}]

Bound for N=3

in2191:= Do [
Bound [Xi, normal, 3, Delta, 0, s] =
3rho[s] VectorDelta[startQ s].MtrixA[s]. VectorPl[normal, s] +
3rho[s] VectorQLl[nornel, s]. Matri xA[s]. VectorDeltaf[end, s] +
3rho[s] VectorQL[normal, s]. MatrixDelta[s]. VectorPl[nornal, sJ;
Bound[Xi, iota, 3, Delta, 0, s] =
3rho[s] VectorDeltaliotal Q s].MtrixA[s].VectorPl[normal, s] +
3rho[s] VectorQl[iota, s]. Matri xA[s]. VectorDelta[end, s] +
3rho[s] VectorQL[iota, s]. MatrixDelta[s]. VectorPl[normal, s];
Bound[Xi, iota, 3, Delta, ei, s] =
3rho[s] VectorDeltaliotal | Q s].MtrixA[s].VectorPl[normal, s] +
3rho[s] VectorQl[iota, s]. Matri xA[s]. VectorDelta[end, s] +
3rho[s] VectorQL[iota, s]. MatrixDelta[s].VectorPl[normal, s];

, {s, {i, 0}}]
Boundsfor é(O)-é(k) for N>4
Bounds for £(0)-£(k) for N>=4

We compute the sum over the bound of Proposition 4.4.8 over even N using the technique of Section 5.3.

In[220]:= DO[
Bound [Xi, normal, EvenTail, Delta, 0, s] =
Abs |
rho[s] 2
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[Sum[Vect orDelta[startQ s].EigenVectorP[nornmal, j, s] Eigenval ue[j, s]?

1

1

(1 -Ei genval ue[j, 5]2)2

+

Sum[Ei genVect or Q[nornal , j,

I} {J! 11 5} +
(1 -Eigenval uefj, s]z)] ]

s]. VectorDel ta[end, s] Ei genval ue[j, s]?
1

1
(1 -Ei genval ue[j, 5]2)2

Sum[ (Ei genVect or Q[normal , j, s] Eigenval ue[j, s1°) / (1-Eigenvalue[j, s1%)°,

+

» {i, 1, 5} +
(1 -Eigenval ue[j, 5]2)J ]

] Ei genVect or P[nornal, j,
{4, 1, 5}].Sum[

s]

(1-Eigenval uefj, s]?)

Sum[ (Ei genVect or Q[normal , j, s] Ei genval ue[j, s12) / (1 -EigenVal ue[j, s]?)
1, 5}]. Sum[ (Ei genVector P[nornal, j, s] Eigenval ue[j, s])/

U,
(1 - Ei genval ue[j, s]z)z, 4. 1, 5}]]];
Bound[Xi, iota, EvenTail, Delta, 0, s] =

Abs [
rho[s] 2

Sum[Vect orDeltaliotal Q s].EigenVectorP[nornmal, j

1 1

2

{1, 5]+

, s] Eigenval ue[j, s]?

+
(1-Eigenval uefj, 512)2

Sum[Ei genVectorQ[iota, j, s]. VectorDelta[end, s] Ei genVal ue[j, s]

1 1

(1 - Ei genval ue[j, S]Z)

i, 1, 53]+

2

+

(1 -Ei genval ue[j, 5]2)2

(1 -Eigenval ue[j, s1?)

R

1, 5}] +

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s1%) / (1-Eigenvaluefj, 3]2)2,

Ei genVector P[normal , j, s]

4, 1, 5}].Sum[
(1 - Ei genval ue[j, 3]2)2

{1, 5]+

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s]?) / (1-Eigenval ue[j, s]?)
1, 5}]. Sum[ (Ei genVect or P[nor mal , j,

.

(1 -Ei genval uefj, 3]2)2

Bound[Xi, iota, EvenTail, Delta, ei, s]

Abs |
rho[s] 2

Sum[Vect orDeltaliotall Q s].EigenVectorP[nornal, j

1

s] Ei genval ue[j, s1) /

L LB

, s] Eigenval ue[j, s]

1

(1 -Ei genval ue[j, 5]2)2

Sum[Ei genVectorQ[iota, j, s]. VectorDelta[end, s] Ei genVal ue[j, s]

1

+

» {i, 1, 5} +
(1 -Eigenval ue[j, s1?) ]

2

1

(1-Eigenval uefj, 512)2

+

i, 1, 53]+

(1-Eigenval ue[j, s1?)

2

2

’

2

2

’
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2

’

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s1%) / (1-Eigenval ue[j, s]?)

Ei genVector P[normal , j, s]
4, 1, 5}].Sum[

(-8 e Ol
- Ei genval ue[j, s1?)

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s]%)/ (1-Eigenval uefj, 3]2)2,
{i, 1, 5}]. Sum[ (Ei genVectorP[normal , j, s] Ei genval ue[j, s]) /

(1-Eigenval uefj, 3]2)2, .1 5]

. {s, {i, o1} ];
Now we compute the sum over odd N
In[221]:= Do[
Bound [Xi, nornmal, OddTail, Delta, 0, s] =
Abs |

rho[s]
2 Sum[VeCt orDelta[startQ s].EigenVectorP[nornmal, j, s] EigenVal ue[j, s]?

1 2

(1 -Ei genval ue[j, 3]2)2
2 Sum[Ei genVect or Q[nornal , j,

1

+

(1-Eigenval ue[j, s1?)
s]. VectorDel ta[end, s]
2

(1 -Eigenval uefj, 512)2

+

(1 - Ei genval ue[j, S]2)

c i1, 5)]+
Ei genVal ue[j, s]°

{1, 5]+

2

2 sum[ (Ei genVect or Qnormal , j, s] Eigenvalue[j, s]°) / (1-Eigenvalue[j, s1%)°,

Ei genVector P[normal, j, s]

e

1, 5}]. Sum[

y{j! 11 5}]_

(1 -Eigenval ue[j, 312)2
Sum[ (Ei genVect or Q[normal , j
.,

, s] Eigenvalue[j, s]?) / (1-Eigenval uefj, s]2)2,

1, 5}]. Sum[ (Ei genVector P[nornal, j, s] Eigenval ue[j, s])/

(1 - Ei genval ue[j, s]2)2, .1 53]

Bound[Xi, iota, OddTail, Delta, 0, s] =

Abs [
rho[s]

2 Sum[Vect orDeltaliotal Q s].EigenVectorP[nornal, j

1

2

+

(1 -Ei genval ue[j, s]2)2

2 Sum[Ei genVectorQ[iota, j, s]. VectorDelta[end, s] Ei genVal ue[j, s]

1

(1-Eigenval uefj, s]?)

2

+

(1 -Ei genval ue[j, 3]2)2

R

R

(1 - Ei genval ue[j, S]2)

, s] Eigenval ue[j, s]°

1, 5}] +

2

1, 5}] +

2 Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s]®)/ (1-Eigenvaluefj, s]2)2,

Ei genVect or

Plnormal, j, s]

g, 1, 5}]. Sum[

(1-Eigenval ue[j, s1?)

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s1?)/ (1-Eigenvalue[j, s1?)

2

:{jl 17 5]']_

2

’
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{i, 1, 5}]. Sum[ (Ei genVectorP[normal , j, s] Ei genval ue[j, s]) /
(1 -Ei genval uefj, 3]2)2, .1 5]
Bound[Xi, iota, OddTail, Delta, ei, s] =
Abs [
rho[s]

2 Sum[Vect orDelta[iotal I Q s].EigenVectorP[normal, j, s] Eigenval ue[j, s]?

: 2 {i, 1, 5}]
+ {0, 1, 9} +
(1 -Eigenval uefj, 5]2)2 (1-Eigenval uefj, s1?)

2 Sum[Ei genVectorQ[iota, j, s].VectorDelta[end, s] Ei genVal ue[j, s]?

1 2
S+ - - ” i, 1, 5}]+
(1-Eigenvaluefj, s1?)* (1-E genvalue[j, s]?)

2 sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s1®)/ (1-Eigenvaluefj, 3]2)2,

Ei genVect or P[normal , j, s]

{i, 1, 5}]. Sum| , {i, 1, 5}] -

(1 -Eigenval ue[j, 5]2)2

Sum[ (Ei genVectorQ[iota, j, s] Eigenvalue[j, s]%)/ (1-Eigenval uefj, 3]2)2,

{i, 1, 5}]. Sum[ (Ei genVectorP[normal , j, s] Ei genval ue[j, s1) /

2

(1-Eigenvaluelj, s1%)°, {j. 1, 5}]|]:

» {s, {i, 0}}]:
Summation of the Delta Bounds

ini222:= Do [

Dol

Bound[Xi, t, Even, Delta, 0, s] =
Bound[Xi, t, O, Delta, O, s] +Bound[Xi, t, 2, Delta, 0, s] +
Bound[Xi, t, EvenTail, Delta, 0, s]J;

Bound[Xi, t, Odd, Delta, 0, s] =
Bound[Xi, t, 1, Delta, 0, s] +Bound[Xi, t, 3, Delta, 0, s] +
Bound[Xi, t, EvenTail, Delta, 0, sJ;

Bound[Xi, t, Absolut, Delta, 0, s] =
Bound[Xi, t, Odd, Delta, O, s] +Bound[Xi, t, Even, Delta, 0, s];

, {t, {normal, iota}}l;

Bound[Xi, iota, Even, Delta, ei, s] =

Bound[Xi, iota, O, Delta, ei, s]+Bound[Xi, iota, 2, Delta, ei, s] +
Bound[Xi, iota, EvenTail, Delta, ei, sJ;

Bound[Xi, iota, Odd, Delta, ei, s] =

Bound[Xi, iota, 1, Delta, ei, s] +Bound[Xi, iota, 3, Delta, ei, s] +
Bound[Xi, iota, OddTail, Delta, ei, s];

Bound[Xi, iota, Absolut, Delta, ei, s] =

Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Even, Delta, ei, s];

, {s, {i, 0}}]



LA_NoBLE_analysis1_impl.nb |23

Computation of constants of Proposition 3.3.1

In this section we perform the computations of Section 3.4. to obtain the constances stated in Proposition 3.3.1:

Z“X [F( | = Kg =Bound[KF]
Bound[KPhi, 1] = K, < ®(0) = Ky = Bound[KPhi, 2]
Bound[KPhiabs, 1] = K4, < Z“x |®00| = Kjoy = Bound[KPhiabs, 2]

Z#O | ®(¥) | = Kjg = Bound[KPhiWithoutZero]

©)

Z“X F([L - costk %] = Kiower| 1~ D(K]
ZX | FOO | [1- coskx)] = Kar[1 - DK)] ()
Z“X | 9,09][1 - cosk )] = Kaa[1- D]

Bound on absolute value Kg and Kg

In[223]:= DO[
twodgj z [s]
al pha[s] = ————888;
2d
twodgz [s
bar al pha[s] = ;[];
2d

d-2
Bound [Xi, normal, Absol ut, sJ;

2
Bound [KPsi, s] =rho[s] +

Bound [KF, s] =
(2dbaral pha[s]) / (1 -al pha[s] - (2d-2) al pha[s] Bound[Xi, iota, Absolut, s])
Bound [KPsi, s1;
Bound [KPhi up, s] =1+ Bound[Xi, normal, Even, s] +
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi down, s] =1 -Bound[Xi, nornal, Odd, s] -
Bound [Xi, iota, Absolut, s] Bound[KF, s1;
Bound [KPhi absup, s] =1+ Bound[Xi, normal, Absolut, s] +
Bound [Xi, iota, Absol ut, s] Bound[KF, s];
Bound [KPhi absdown, s] = 1 -Bound[Xi, normal, Absolut, s] -
Bound [Xi, iota, Absol ut, s] Bound[KF, s1;
Bound [KPhi W t hout Zero, s] =
Bound [Xi, normal, Absolut, s] +Bound[Xi, iota, Absol ut, s] Bound[KF, s];
. {s, {i, o}}]
Bounds on differences

Next we implement the computation of Section 3.4.3. First the differences of Fiand @4, lines (3.4.26), (3.4.27), (3.4.29)
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nz241= Bound [Di fferencef F, Part1, Lower, i] =
2d baral phafi ]

1-al phali ]2
(1 -Bound[tGli, i ] -Bound[Xi, normal, Odd, Delta, O, i ] -Bound[Xi, normal, Odd, i] -
al pha[i ] Bound[Xi, normal, Even, Delta, 0, i1]);
Bound [Di fferencef F, Part1l, Absolut, i] =
2d baral phafi ]

1-al phali ]2
(rho[i ]+ (1+alpha[i])Bound[Xi, normal, Absolut, Delta, 0, i]+
Bound [Xi, normal, Absolut, i]);
Bound [Di fferencef F, Part1, Lower, 0] =
2dbaral pha[i] 2dbaral phalo]

M n '
1-al phali ]2 1 - al pha[o]?
(1 -Bound[tGli, o] -Bound[Xi, normal, Odd, Delta, 0, o] -Bound[Xi, normal, Odd, o] -
al pha[o] Bound[Xi, normal, Even, Delta, 0, 0]);
Bound [Di f ferencef F, Part1l, Absolut, o] =

2dbaral pha[i] 2dbaral pha[o]
Max

1-al phali ]2 " o1-al pha[o]?
(rho[i ]+ (1 +al pha[o]) Bound[Xi, normal, Absolut, Delta, 0, o] +
Bound [Xi, normal, Absol ut, o]);
Do
Bound [KDel t aPhi, Partl, s] = Bound[Xi, nornal, Absolut, Delta, 0, s] +
bar al pha[s]

1 - al pha[s]?
(2dBound[Xi, nornal, Absolut, Delta, 0, s] Bound[Xi, iota, Absolut, s] +

(1 +Bound[Xi, normal, Absolut, s]) Bound[Xi, iota, Absolut, Delta, ei, s] +

2dal pha[s] Bound[Xi, normal, Absolut, Delta, 0, s]
Bound[Xi, iota, Absolut, s] +

al pha[s] (1 +Bound[Xi, normal, Absolut, s])
Bound[Xi, iota, Absolut, Delta, 0, s]);

. {s, (i, 0}}]

Then the differences of F,and ®,: For the bound in (3.4.30), (3.4.32) and (3.4.35)
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In[229]:= DO[
Bound [Di f ferencef F, Part2, Lower, s] =
(2 d baral pha[s])?

1 -al pha[s]?
(Bound[Xi, nornal, Odd, Delta, O, s] Bound[Xi, iota, Odd, s] +
Bound[Xi, normal, Even, Delta, 0, s] Bound[Xi, iota, Even, s])

2 d bar al pha[s]?

ho[s] 2
- rho[s] +
1 - al pha[s]? (

Bound [Xi, nornmal, Even, s]]

(Bound[xi, iota, Even, Delta, ei, s] +2dBound[Xi, iota, Even, s] +
al pha[s]ZBound[Xi, iota, Even, Delta, 0, s] +
al pha[s] (Bound[Xi, iota, Odd, Delta, ei, s] +Bound[Xi, iota, Odd, Delta, 0, s] +
2dBound[Xi, iota, Odd, s1)) -

2 d bar al pha[s]? [Zd -2

. Bound [Xi, normal, Qdd, s]]
1-al pha[s]

(Bound[Xi, iota, Odd, Delta, ei, s]+2dBound[Xi, iota, Odd, s] +
al pha[s]2Bound[Xi, iota, Odd, Delta, 0, s]+
al pha[s] (Bound[Xi, iota, Even, Delta, ei, s] +
Bound[Xi, iota, Even, Delta, 0, s] +2dBound[Xi, iota, Even, s]));
Bound [Di f ferencef F, Part2, Absolut, s] =
(2 d baral pha[s])?

Bound [Xi, normal, Absolut, Delta, 0, s]
1-al pha[s]?

Bound[Xi, iota, Absolut, s]

2 d baral pha[s]? 2d-2
" rho[s] +
(1-al pha[s]?) (1+al pha[s])

Bound [Xi, normal, Absolut, s]

(Bound[Xi, iota, Absolut, Delta, ei, s]+2dBound[Xi, iota, Absolut, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]);
Bound [KDel t aPhi, Part2, s] =

2 d baral pha[s]?

(1 -al pha[s]?)

2dBound[Xi, normal, Absolut, Delta, O, s] Bound[Xi, iota, Absol ut, s]2+

2 (1 +Bound[Xi, nornmal, Absolut, s])
Bound [Xi, iota, Absolut, s]

1 +al pha[s]
(Bound[Xi, iota, Absolut, Delta, ei, s]+

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s])|;

. {s, {i, o}}]
Finally, we compute the differences of Fzand @3, lines (4.4.37) and (4.4.38)
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In[230]:= DO[
1
t = ;
P 1 2dal pha[s] Bound[Xi,iota, Absol ut, s]
- 1-al pha[s]

Bound [Di f ferencef F, Part3, Absolut, s] =
2d baral pha[s]

Bound[Xi, normal, Absolut, Delta, 0, s]
(1-al pha[s])?®

(2dal pha[s] Bound[Xi, iota, Absolut, s])2tnp+

bar al pha[s] (2 dal pha[s])?
(1 +Bound[Xi, normal, Absolut, s])

(1-alpha[s])? (1-al pha[s]?)
Bound [Xi , i ota, Absolut, s]tnp?
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]) +

bar al pha[s] (2 dal pha[s])?
(1 +Bound[Xi, normal, Absolut, s])

(1-alpha[s])? (1-al pha[s]?)
Bound [Xi, iota, Absolut, s]tnp
(Bound[Xi, iota, Absolut, Delta, ei, s] +
al pha[s] Bound[Xi, i ota, Absolut, Delta, 0, s]+
2dBound[Xi, iota, Absolut, s]);

Bound [Di f ferencef F, Part3, Lower, s] = -Bound[Di fferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, Part3, s] =

) 2d baral pha[s] Bound[Xi, iota, Absolut, s]
Bound [Xi, normal, Absolut, Delta, 0, s]

(1 -al pha[s])?
(2dal pha[s] Bound[Xi, iota, Absolut, s])?tnp +
(1 +Bound[Xi, normal, Absolut, s])
(baral pha[s] (2d al pha[s] Bound[Xi, iota, Absolut, s1)?)/

((1-alpha[s])? (1-al pha[s]?)) (tnp®+tnp)

——— (Bound[Xi, iota, Absolut, Delta, ei, s] +
1 +al pha[s]

al pha[s] Bound[Xi, iota, Absolut, Delta, 0, s]);

Bound [KDel t aFLower, s] =
1/ (Bound[Di fferencefF, Partl, Lower, s] +Bound[DifferencefF, Part2, Lower, s] +
Bound [Di f ferencef F, Part3, Lower, s]);
Bound [KDel t aF, s] = Bound[Di fferencefF, Partl, Absolut, s] +
Bound [Di f ferencef F, Part2, Absolut, s] +Bound[DifferencefF, Part3, Absolut, s];
Bound [KDel t aPhi, s] = Bound [KDel t aPhi, Partl1, s] + Bound[KDeltaPhi, Part2, s] +
Bound [KDel t aPhi, Part3, s];
Cl ear [tnp];
. {s, {i, 0}}]

Check of the sufficient condition
Now we can compute whether P(y,I",2) is satisfied, see Definition 3.3.2.
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In[231]:= DO[
1+ % Ganmal Bound [Xi, i ota, Even, s]
NoBLEBoundF1([s] = = :
rho[s] —% Bound [Xi, nornmal, Odd, s]
2d-2 )
NoBLEBoundF2[s] = > Bound [KPhi absup, s] Bound[KDel t aFLower, s1;
-1
. {s, {i, o}}]

and we compute for f3
in232)= Do [

1
2— Bound [KDel t aFLower, s] Bound [KDel t aPhi, s1;
cl

NoBLEBoundF3[Part1, s]

1
—— Bound [KPhi absup, s] Bound [KDel t aF, s]
2c2

Bound [KDel t aFLower, s1?;
NoBLEBoundF3[Part 3, s] =

) Bound [KDel t aFLower, s]2

NoBLEBoundF3[Part 2, s]

c3
4/ (Bound [KDel t aF, s] Bound [KDel t aPhi, s] Bound [KPhi Wt hout Zero, s] Bound [KF, s]);
NoBLEBoundF3[Part4, s] =

) Bound [KDel t aFLower, s]2

c4
(2 Bound [KPhi absup, s] Bound [KDel t aF, s]2 Bound [KDel t aFLower, s] +
4/ (Bound [KDel t aF, s] Bound [KDel t aPhi, s] Bound [KPhi W t hout Zero, s]
Bound [KF, s]));
NoBLEBoundF3[s] = Max [NoBLEBoundF3[Part1, s], NoBLEBoundF3[Part2, s],
NoBLEBoundF3[Part 3, s], NoBLEBoundF3[Part4, s]J;
. {s, {i, 0}}]

Wefinaly check

in233:= Do [
Succes[f1, s]

NoBLEBoundF1[s] < Gammal;
Succes [f2, s] = NoBLEBoundF2[s] < Ganmm2;
Succes [f 3, s] = NoBLEBoundF3[s] < Ganma3;
Succes[s] = Succes[f1l, s] & Succes[f2, s] &k Succes[f3, s];
, {s, {i, 0}}]
Succes[overal | ] = Succes[i ] & Succes[0];

Result

Theoverall result
The statement that the bootstrap was succesful is

n23s= Succes [overal | ]

out2351= True

If this succedes than the analysis of Section 3.3 can be used to proved mean-field behavoior for LT.
Assuming the bootstrap was succesful we prove the following bounds: The infrared bound in (3.3.12) and (3.3.13) hold with

|27
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2d-2

2d-1
Max [Bound [KDel t aFLower, 0], 1]
(» Nominator in (4.3.13) =*)

Game2 (» > G (k) [1-D(k) ] #)

out236)= 1. 12967
out237= 1. 13924

Further, we have proven that g, z; is smaller than

1
2d-1
out238)= 0. 0104993

Ganmal

In[238]:=

and that g,, smaller than
n[2391= Ganmmal * Exp[1]

out[239]= 2. 76838
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n240:= bubbl es = {Graphi cs[{G een, D sk[{0, 0}, 0.8]1}, I mageSi ze -> 30],
Graphi cs[{Red, Disk[{O0, 0}, 0.8]}, | mageSi ze -> 40]};

out[242]=

In the following we give a semi-automate proceedure to find appropiate value for the constants I'jand ¢;.

t abl ed assi cCheck =

{{Bounds, Init -f., Init -f,, Initl-f3, Init2-fz, Init3-f3, Initd-fs,

fqi, fo, f31, f32, f33, f34}, {Gamma, Gammal, Ganma?2, Ganma3, Gamma3,

Gamma3d, Gamma3, Ganmal, Gamma2, Gamma3, Gamma3, Gamma3, Ganma3 },
{Bounds, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF3[Part1, i7],
NoBLEBoundF3[Part?2, i 1, NoBLEBoundF3[Part3, i ], NoBLEBoundF3[Part4, i],

NoBLEBoundF1[0], NoBLEBoundF2[0], NoBLEBoundF3[Part1, o],

NoBLEBoundF3[Part 2, o], NoBLEBoundF3[Part3, o], NoBLEBoundF3[Part4, o] },

{ check,

I f [NoBLEBoundF1[i ] < Ganmal, bubbl es[[1]], bubbles[[2]]],

| f [NoBLEBoundF2[i ] < Gamma2, bubbl es[[1]], bubbles[[2]]],

i ] < Ganma3, bubbles[[1]], bubbles[[2]]],

i ] < Gamma3, bubbles[[1]], bubbles[[2]]],

i ] < Gamma3, bubbles[[1]], bubbles[[2]]],

i ] < Ganma3, bubbles[[1]], bubbles[[2]]],

| f [NoBLEBoundF1[0] < Gammal, bubbl es[[1]], bubbles[[2]]],

I f [NoBLEBoundF2[0] < Ganma2, bubbl es[[1]], bubbles[[2]]],

0] < Ganma3, bubbles[[1]], bubbles[[2]]],
0] < Gamme3, bubbles[[1]], bubbles[[2]]],
0] < Gamme3, bubbles[[1]], bubbles[[2]]],
0] < Ganma3, bubbles[[1]], bubbles[[2]]1], },
{Requi red, NoBLEBoundF1[i ], NoBLEBoundF2[i ], NoBLEBoundF3[Part1, i] / Ganma3,

| f [NoBLEBoundF3[Part 1,
| f [NoBLEBoundF3[Part 2,
| f [NoBLEBoundF3[Part 3,
| f [NoBLEBoundF3[Part 4,

| f [NoBLEBoundF3[Part 1,
| f [NoBLEBoundF3[Part 2,
| f [NoBLEBoundF3[Part 3,
| f [NoBLEBoundF3 [Part 4,

NoBLEBoundF3[Part 2, i ] / Gamma3, NoBLEBoundF3[Part3, i ] *c3/ Ganma3,

NoBLEBoundF3[Part 4, i ] xc4 / Gamma3, NoBLEBoundF1[0], NoBLEBoundF2[o],

NoBLEBoundF3[Part1, o] *cl/ Ganma3, NoBLEBoundF3[Part2, o] %c2/ Ganma3,
NoBLEBoundF3[Part 3, o] *c3 / Ganma3, NoBLEBoundF3[Part4, o] *c4 / Ganmma3}};

Style["Result for

Di mension " Text [d], Bol d], Top] // Text

Result for Dimension 49

Label ed[Gi d[tabl ed assi cCheck, Alignment -» {Center}, Frane -» True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 »>Bold, 1 - Bold},
Background -» {Automatic, Automatic, {{2, 2}, {2, 15}} -» GrayLevel [0.7]}1,

Boun™. | Init—= Init— Initl Init2 Init3 Init4 fl f2 f31 f32 f33 f34

ds fl f2 - - —_ —_
f3 f3 f3 f3

Gam™ |1.018- 1.141- 12 12 12 12 1018- 1141 12 12 12 12
ma 43 44 43 44

Boun- | 1.0181 1.057-. 0.435- 0.932- 0.599- 0.779-. 1.018- 1.141- 1.199-. 12 1199- 1.2
ds 41 952 433 029 406 43 44 87 92

check

Requ™ [ 1.0181 1.057-. 0.363-. 0.777-. 0.053- 4.737-. 1.018- 1.141- 0.075. 0.657-. 0.107- 7.294-
ire. 41 293 028 705-. 73 43 44 641-. 043 578 37
d 8 7

|29

Initially we guess a good value for the constant and make a first computation. Then we deactivate there initial definition at the top of the
document and use the code below. We recompile the document a number of times and hope that the algorithm below converges to a fixed

point.
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n2431= (*d=49;

{d, Gammal, Ganma2, Ganma3, c1, c2, c3, c4}
Gammal=NoBLGanmmal=NoBLEBoundF1[o]+0. 000001;

Gamra2=NoBLEBoundF2[0]+0. 000001;
c1=NoBLEBoundF3[Part 1, o]*cl/Gamua3+0. 00001;
c2=NoBLEBoundF3[Part 2, 0]*c2/Gamma3+0. 00001;
c3=NoBLEBoundF3[Part 3, 0] *c3/Gamua3+0. 00001;
c4=NoBLEBoundF3[Part 4, o]*c4/Gammua3+0. 0001;
{d, Gaemmal, Garma2, Garma3, c1, c2, c3, c4}*)

{49,1.00789,1.15215,1.2,0.0705639,0.655501,0.187407,7.27392}
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Print out of the computed boundsin the coefficients

In[244]:= DO[

Met hodeFourTabIe[s] - {{QJantity, EZero] Eme’ ETWO’ EThree’ EEvenTaiI’ EOddTail}’
{Text [Bound for &], Bound[Xi, normal, 0, s], Bound[Xi, normal, 1, s],
Bound[Xi, normal, 2, s], Bound[Xi, normal, 3, s], Bound[Xi, normal, EvenTail, s],
Bound [Xi , normel, OddTail, s]},

{Text [Bound f or é"], Bound [Xi, iota, 0, s], Bound[Xi, iota, 1, s],

Bound[Xi, iota, 2, s], Bound[Xi, iota, 3, s], Bound[Xi, iota, EvenTail, s],
Bound[Xi, iota, OddTail, s]},

{Text [é (1-cos (kx))], Bound[Xi, normal, 0, Delta, 0, s],

Bound [Xi, norrmal, 1, Delta, 0, s], Bound[Xi, normal, 2, Delta, O, s],
Bound[Xi, normal, 3, Delta, 0, s], Bound[Xi, normal, EvenTail, Delta, O, s],
Bound [Xi, normal, CddTail, Delta, O, s]},

{Text [ &* (1 -cos (kx))], Bound[Xi, iota, O, Delta, O, s],

Bound[Xi, iota, 1, Delta, O, s], Bound[Xi, iota, 2, Delta, 0, s],

Bound[Xi, iota, 3, Delta, O, s], Bound[Xi, iota, EvenTail, Delta, 0, s],
Bound[Xi, iota, OddTail, Delta, 0, s},

{Text [ (1 -cos (k (x-€.)))], Bound[Xi, iota, O, Delta, ei, s],

Bound[Xi, iota, 1, Delta, ei, s], Bound[Xi, iota, 2, Delta, ei, s],
Bound[Xi, iota, 3, Delta, ei, s], Bound[Xi, iota, EvenTail, Delta, ei, s],
Bound[Xi, iota, OddTail, Delta, ei, s]}};

. {s, {i, 0}}]

Met hodeFour Tabl ePart 1 = {{Quantity, KF, KPhi, DELTAFLower, DELTAFAbsol ut, DELTAPhi },
{Bound for , Bound[KF, o], Bound[KPhi up, o], Bound[KDel t aFLower, o],
Bound [KDel t aF, o], Bound[KDel taPhi, 0]}};
Met hodeFour Tabl ePart 2 =
{{Quantity, DELTAFLower, 2, 3, DELTAFAbsol ut, 2, 3, DELTAPhi, 2, 3},
{Bound for , Bound[Di fferencefF, Partl, Lower, o],
Bound [Di fferencef F, Part2, Lower, o], Bound[DifferencefF, Part3, Lower, o],
Bound [Di fferencef F, Part1, Absol ut, o], Bound[Di fferencefF, Part2, Absolut, o],
Bound [Di f f erencef F, Part3, Absol ut, o], Bound[KDel taPhi, Part1, o],
Bound [KDel t aPhi, Part2, o], Bound[KDel taPhi, Part3, 0]}};

Label ed[Gri d [Met hodeFour Tabl e[i ], Alignnent - {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background » {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients at z,in D nmension " Text [d], Bol d], Top] // Text
Label ed[Gri d [Met hodeFour Tabl e[o], Alignnent - {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle - {1 »>Bold, 1 - Bold},
Background » {{None}, {G ayLevel [0.9]}, {None}}],
Styl e["Bound on coefficients in Dinmension " Text [d], Bold], Top] // Text

Label ed[Gri d [Met hodeFour Tabl ePart1, Alignment -» {Center}, Frame - True,
Dividers » {{2 > True, -1 > True}, {2 > True}}, ItenStyle » {1 > Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.3.1 in Dinension " Text [d], Bol d],
Top] // Text

Label ed[Gri d [Met hodeFour Tabl ePart 2, Alignment -» {Center}, Frame - True,
Dividers » {{2 » True, -1 - True}, {2 - True}}, ItenStyle » {1 »Bold, 1 - Bold},
Background - {{None}, {GrayLevel [0.9]}, {None}}],
Styl e["Bound on the constants of Proposition 3.3.1 in Dinmension " Text [d], Bol d],
Top] // Text
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out[247]=

Out[248]=

Out[249]=

out[250]=

Bound on coefficients at z; in Dimension 49

Quantity =Zero =One =Two EThree EEvenTaiI EOddTaiI
Bound for 2 0.000232873 0.000834063 4.98117x107% 3.1827x108 4.98125x10°® 3.18271x10°8
Bound for & 0.010587  0.000143979 1.03646x1076 2.73228x10™° 1.03648x107® 2.73232x107°

(1 - coskx) 2 0.000991871  0.0348948 0.013806 0.000139574 1.68437x1077 2.52656x 1077

(1 - coskx) & 0.00177105  0.0399784 0.0438342 0.00191561 1.58247x107% 2.3737x10°®

B (1-cosk(x—e)) 1.02424 0.0674507 0.0439629 0.00191604 1.58353x107% 2.37529x 1076
Bound on coefficientsin Dimension 49

Quantity EZero EOne ETWO EThree EEvenTajI EOddTaiI
Bound for & 0.000251707 0.000903381 5.89971x107® 4.01909x 1078 5.89982x107® 4.01912x10°8
Bound for & 0.0108008 0.000156349 1.22455x107® 3.52339x107° 1.22457x10°¢ 3.52345x10°°

(1 — coskx) E 0.00155595  0.0998463 0.0416221 0.00046419 6.22307x 1077 9.33459x 1077
(1 - coskx) 2 0.00291519 0.104504 0.131671 0.00630446 5.76401x10°® 8.646x10°6
E'(1-cosk(x-e))| 1.04528 0.136066 0.131835 0.00630505 5.76561x 107 8.64841x 107°

Bound on the constants of Proposition 3.3.1in Dimension 49

Quantity

KF

KPhi DELTAFLower DELTAFAbsolut DELTAPhI

Bound for

1.04567 1.01146

1.13924 1.20015 0.159352

Bound on the constants of Proposition 3.3.1in Dimension 49

Quantity | DELTA"™ 2 3 DELTA". 2 3 DELTA". 2 3
FLow". FAbs-. Phi
er olut
Bound [ 0.902809 -0.0245-. -0.0004-. 1.17252 0.02713-. 0.00048. 0.15902 0.00032- 3.84766x
for 404 898", 86 9878 8331 1076
78




